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' Abstract: We construct the ghost number 9 three strings vertex for OSFT in the natural 

normal ordering. We find two versions, one with a ghost insertion at z = i and a twist- 
^ . conjugate one with insertion at z = —i. For this reason we call them midpoint vertices. 

^ I We show that the relevant Neumann matrices commute among themselves and with the 

matrix G representing the operator Ki. We analyze the spectrum of the latter and find 
that beside a continuous spectrum there is a (so far ignored) discrete one. We are able to 
write spectral formulas for all the Neumann matrices involved and clarify the important 
role of the integration contour over the continuous spectrum. We then pass to examine 
the (ghost) wedge states. We compute the discrete and continuous eigenvalues of the 
corresponding Neumann matrices and show that they satisfy the appropriate recursion 
relations. Using these results we show that the formulas for our vertices correctly define 
the star product in that, starting from the data of two ghost number wedge states, they 
allow us to reconstruct a ghost number 3 state which is the expected wedge state with the 
ghost insertion at the midpoint, according to the star recursion relation. 
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1. Introduction 

Wedge states are associated to an integer n and are defined in the abstract by the *- 
multiplication rule 

|n) -k \m) = \n + m — 1) (1-1) 

They may have different 'embodiments', [|l|, They are surface states and, as such, may 
be realized as squeezed states in the oscillator formalism or as exponentials of the operator 
Cq + £q applied to the vacuum; other representations are also possible. Our purpose, in 
the series of papers started with |^], is to find the correspondence between the different 
realizations of the ghost part of the wedge states. 

We recall that in we were concerned with proving the equation 

g-— i^o +^0 j|o) =AA„e'^^-5"''^|0) = |n) (1.2) 

where |n) are the ghost wedge states in the oscillator formalism, which is a crucial ingredient 
of the analytic solution of SFT found in |] (see also |, |, |^, g |, 0, |ll|, |g, 0, |15|, |16 



13, |T8|, |T|, gO|, |T|, H, H, |2|, g5|, |2|, |7| and |2§ for an updating on recent progress). It is 
known that the LHS of this equation can also be written as a squeezed state whose defining 
matrix is that of a surface state (with ghost insertion at in the UHP). In |^] (also referred 
to henceforth as I) we dealt mostly with it from the oscillator point of view. We showed 
that it can be cast into the midterm form in (^]^) and we diagonalized the matrix Sn in a 
continuous basis of eigenvectors. Then we proved that, if we are allowed to star-multiply 
the squeezed states representing the ghost wedge states \n) the same way we do for the 
matter wedge states and diagonalize the corresponding matrices, the eigenvalue we obtain 
satisfies the wedge states recursion relation. This was based on the expectation that all the 
(twisted) Neumann matrices entering the game could be diagonalized in the same basis (this 
is what happens for the matrices of the matter sector). In the course of the continuation 
of this research we realized that the expectation of I was a bit too optimistic and had 
to readjust our line of arguments. The main reason for this is that the spectral theory 
of the Neumann matrices that characterize the ghost sector of the three strings vertex 
and wedge states is significantly different from ordinary spectral theory of real symmetric 
matrices, which are the basic example of Neumann matrices in the matter sector. Once the 
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eigenvalues and eigenvectors of the latter matrices are given, their reconstruction via the 
spectral formula is unique. In the ghost case instead the spectral formula is not uniquely 
determined but depends on the integration contour over the continuous spectrum: this is 
one of the basic results of our analysis. It should be clarified that such spectral formulas 
we obtain for the ghost Neumann matrices are not derived on the basis of general theorems 
in operator theory, which to our best knowledge do not exist in the literature, but on a 
heuristic basis. We thinks we have checked them beyond any doubt both numerically and 
using consistency with other methods. 

In this paper we introduce a three-strings vertex for the ghost part in order to be able 
to explicitly perform the star product in (^]^), up to a midpoint ghost insertion. Moreover 
we complete the spectral analysis of the ghost bases by computing the relevant discrete 
bases of eigenvectors (which were missing in ) . Finally we show that the states in the 

LHS of (1^) do satisfy the recursion relations for the wedge states (the RHS), although 
not in the form expected in I. We show in fact that only the eigenvalues of the relevant 
matrices satisfy the appropriate recursion relations. Based on this, we can reconstruct, in 
the sense mentioned above, Neumann matrices which represent ghost number 3 states and 
show that the latter are surface states with a midpoint insertion, representing, at gh=3, the 
expected wedge states. So, it is true that in the ghost number 3 sector things work much 
as in the matter sector. However the same is not true for the ghost number sector. In 
fact what remains to be done is reconstructing from the ghost number 3 the ghost number 
wedge states we started from (eq.( |1.2| )). This would close the circle and fully justify our 
claim about the consistency of our three strings ghost vertex and the correctness of (|1.2|). 
This rather non-trivial task will be carried out in another paper [^], referred to as III. 

Notation. Any infinite matrix we meet in this paper is either square short or long 
legged, or lame. In this regard we will often use a compact notation: a subscript s will 
represent an integer label n running from 2 to oo, while a subscript i will represent a label 
running from —1 to +oo. So Yss,Yii will denote square short and long legged matrices, 
respectively; Ysi,Yis will denote short-long and long-short lame matrices, respectively. 
With the same meaning we will say that a matrix is (//), (ss), (si) or (Is). The (ss) part of 
a matrix M will be referred to as the bulk of M. In a similar way we will denote by Vg and 
Vi a short and long infinite vector, to which the above matrices naturally apply. Moreover, 
while n, m represent generic matrix indices, at times we will use A^, M to represent 'long' 
indices, i.e. N,M > —1. In this case n,m will represent short indices, i.e. n, m > 2. 

We will also use the symbol C to represent the twist matrix, Cn,m = (— l)"<Jn,m- Given 
any matrix M, we generically represent the twisted matrix CM by M. Finally we use the 
symbol gh to denote the ghost number. 



1.1 A summary of the results 

Since the paper is rather long and elaborate we would like to start with an outline of it 
and a summary of the main results. 

To start with we first recall the basic anti-commutator for the b, c ghost oscillators 
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and bpz transformation properties 

[Cn,bm]+ = Sn+m,0, bpz{Cn) = -(-l^C-n, bpz{bn) = (-l)"6-n, bpz{\0)) = (0| 

where |0) is the SL(2,R)-invariant vacuum. Next we define the state |0) = c_iCoCi|0) and 
the tensor product of states 

123(C^| = l(0|2(6|3(6| (1.3) 

carrying total gh = 9, and 

\C0)123 = |0)l|0)2|0)3 (1.4) 

carrying total gh=0. They satisfy i23('^|'^)i23 = 1- Finally we write down the general form 
of the three strings vertices we will find below (section 2). The first two are 

3 oo 
r,s=l n,m 



where 



dz rdw 1 1 {£fr{z)) 1 ffsiw)y s' 



yi^nrn=<p—A—.z;^T::;;^.\ .:/[ . . ( ^ ) -^1(1-6) 



Z — W 



and 



vrs =/^/^J 1 ( ifM')f 1 \ ai) 

(-^)"- J 27rz J 2m wr-+^ [ ^f,{w) fAz) - ^w) z-w) ^ ' ' 

The labels (ibi) refer to the ghost insertion at the string midpoint i and image point — i, 
respectively (see below). These Neumann matrices are complex. 

We will also use a third auxiliary vertex (a sort of average of the previous two) whose 
Neumann matrices are real 



3 CO 



r,s=l n,m 

where 

2j i-KiJ 2m ^-+2 1^ ^ In /,(«;) jr{.z) -fs{w) Z-W J ^ - ' 
All these vertices satisfy cyclicity 

i/rs _ frr+l,s+l f/rs _ -rVr+l.s+l /-, -, ^.x 

Km - Km > ^{±i)nm " ^{±i)nm y^-^*^) 

The third vertex satisfies twist-covariance 

' nm \ ^) * nm \^-^^) 



-4- 



while the first two are twist conjugate 



V(1^,)_ = {-ir^'-V^^nm (1-12) 

The latter are BRST invariant. Dual vertices can also be defined. We will show that the 
twisted Neumann matrices of each vertex commute. 

The constants /C and /C(_|_j) turn out to be 1. 

In the previous formulas 

fr{zr) = a^-'f{zr),r = l,2,?, (1.13) 

where 

2TTi 

Here a = e 3 . 

In section 3 we will show that the twisted Neumann matrices of all the vertices just 
introduced commute with the matrix G, which represents the operator Ki = Li + l\. This 
allows us to diagonalize the matrices that commute with G on the basis of its eigenvectors. 
In section 4 we explicitly compute the bases corresponding to the discrete spectrum of G, 
while the continuous spectrum had already been computed in 32, 32]. We also write 



down the spectral formula for G and notice that it depends on the contour one takes in 
order to integrate over the continuous eigenvalue k: only in a certain range of do 
we correctly reproduce G. We also give (partial) reconstruction formulas for the matrices 
A,B,G,D of I. 

In section 5 we write down spectral formulas for the (twisted) Neumann matrices of 
the above constructed vertices. We show that the integration contour over the continu- 
ous spectrum plays a fundamental role. In fact different vertices have the same spectral 
formulas but differ by the integration contour and can be obtained from one another by 
changing it. 

The main purpose of section 6 is to extract information about the eigenvalues of the 
Neumann coefficients of the ghost number wedge states from solving the KP equation, 



1 49] , as was done in I. The main difference with I is that we do not use commutativity of the 
matrices A,B,G,D but solve the equation for their eigenvalues. In such a way we are able 
to prove that both the continuous and discrete eigenvalues of the wedge states satisfy the 
appropriate recursion relation. With these results at hand, in section 7 we pass to the task 
of reconstructing the twisted Neumann matrices of the ghost number 3 wedge states. Once 
again the integration path over the continuous spectrum plays a crucial role and allows 
us to pass from one possible representation to another of these states. It is clear that in 
so doing we are assuming that the eigenvalues are common to all the representations of a 
given wedge state both with ghost number 3 and with ghost number 0. This assumption 
turns out to be correct but will be fully justified only in paper III. 

Finally, five appendices contains auxiliary material, calculations and complements. 
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2. The three strings vertex 



In order to construct the ghost three string vertex in the oscillator formalism (for previous 



literature, see fSj, |3^, jS^, problems related to the present paper are treated in 
||3^ , |40| , ^) we have to face a number of problems which are not met 

in the matter sector. The first is normal ordering. Let us recall that one can envisage two 
main types of normal orderings, which we have called in |^ the natural and conventional 
normal ordering. The former is the obvious normal ordering required when the vacuum is 
|0), the latter is instead requested by the vacuum state ci|0) (of course, in principle, one 
could consider other possibilities). A second problem is generated by the ghost insertions, 
which are a priori free. It is clear that the three strings vertex will depend to some extent 
both on the normal ordering and the ghost insertion. Finally the vertices must be BRST 
invariant. 

To start with, in this paper we will use the natural normal ordering. This is at variance 



with the existing ghost three strings vertex |34, |35|, |3g, 37, |38[], which is based on the 
conventional normal ordering. This innovation is required by the new non-perturbative 
analytic solution of SFT found by Schnabl, P], where ghost number wedge states are 



used, for which the old ghost vertex is ineffective, see for instance [2E]. 

Using the definitions ( pT^jl.SP , our aim now is to explicitly compute V^^--^^^, V^^. The 
method is well-known: one expresses the propagator ^ c{z)b{w) ^ (see Appendix A) in 
two different ways, first as a CFT correlator and then in terms of V3 and equates the two 
expressions after mapping them to the disk via the maps (1.13). However this recipe leaves 
several uncertainties. 

First we have to insert the three c zero modes. We can either, for instance, insert 
three separate fields c(zj), ( |A.l| ), or use Y[z) = ^d"^ c{z)dc{z)c{z) . In order to pair ghost 
number 3 and ghost number states so that they preserve their conformal properties, we 
should use a ghost number 3 primary field insertion with vanishing conformal weight. This 
implies the use of Y , which has this property. Even so there remain many possibilities. Let 
us make the obvious remark that, given the vacuum |0 >, there are many ways to define 
a conjugate vacuum > such that < 0*^10 >=< 0\0'^ >= 1. The simplest example is 
given by >= y(0)|0 >= c_iCoCi|0 >. However this is not the only possible choice since 
dz < 0|y(2;)|0 >= 0. So, in principle, any choice of jO'^ >= y(2:)|0 > is a good conjugate 
vacuum and we can choose the insertion point as we like. 

The above can be understood in terms of Qb cohomology. Remembering that 

{Q,c{z)} = cdc{z), 

we have 

{Q, Y{z)} = 0, and dY{z) = Q(...). 

This means that the point where one inserts Y is irrelevant when the other string fields 
in the game are in the kernel of Q. This is in particular true for surface states in critical 
dimension. For any surface state S we have 

5,(s|y(z)|s) = 
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if g|s) = 0. 

In defining the vertex, however, the place where Y is inserted matters. This is because 
the *-product treats the midpoint as special (it is the only point which is common to 
the three interacting strings). So, out of the infinite places where we could insert Y, we 
make the most symmetric choice of inserting Y at the midpoint. Since y is a weight zero 
primary, this will not cause the typical divergences of midpoint insertions. The vertex we 
are constructing is thus meant to perform the *-product (which is ghost number preserving) 
and then to add a Y midpoint insertion to the result. Calling (V3I such a vertex, we can 
define it symbolically as 

{V3\\i^i)\^2) = {i^i*H{y{i),Y{-i)) (2.1) 
In other words, calling (V3I the usual three-strings vertex without insertions, we can write 
(V3I = {Vs\{Y{{},Yi-z)) = ((%|, (V(_,)|) (2.2) 

meaning that, as we will see, we need both insertions in order to correctly represent the 
star product (this is just the doubling trick). 

In the natural normal ordering it is impossible to represent (V3I in a squeezed state 
form which is cyclic in the string indices. That is not a problem, in principle, but it 
would give rise to very complicated Neumann coefficients matrices. On the other hand the 
midpoint inserted vertex (V3I is expressed in terms of two cyclic squeezed states: each of 
them can actually be used independently of each another. Computations with will 
be related to by twist-conjugation. The price we have to pay for this choice in the 

vertex is that, when we midpoint-multiply 2 gh = states, we get a gh = 3 result. Going 
back to gh = will be the subject of III. 

2.1 Three zero modes insertion 

We start by inserting the operator Y at the point t (for simplicity we understand the de- 



pendence on t in the vertex, until further notice). We use the correlator (AT) in Appendix 
A and compare 

(/,oy(t)/.ocW(z)/,o6W(«;)) (2.3) 

with 

(V3|i?(cW(z)6W(u;))|w)i23 (2.4) 

where R denotes radial ordering. If :: denotes the natural normal ordering, we have for 
instance (see Appendix A) 

Riciz) biw)) = y -.cnbk: + (2.5) 
^-^ z — w 

n.k 



This should be inserted inside (2^). Let us refer to the last term in (2^) as the ordering 
term. 
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We first compute the /C constant. By making use of (0|y(t)|0) = 1 for any t, we have 



for any j. Now 



{V3\u;)i23=IC = {fjoY{t)) = 1 



123 



W 



+ 



n,k 



Z — W 



z-w 

On the other hand, from direct computation, 



(/r o c(z) o h{w) fj o Yit)) 



1 



( flit) -friz) 



f^iz) friz)-fsiw)\f,{t)-fsiw) 

Comparing the last two equations and using (^]^) we get 

f dz f dw 1 1 



2TTi J 27ri 2:"+2 w''^^ 

if'siw))' 1 



_ / /,(t)-/,(z) 
After obvious changes of indices and variables we end up with 



z — w 



yr 



dz f dw 1 



1 



27ri 7 2TTi 
if^iz))' 1 



/,H-/,(t) Y 



V(/iH) /.(^)-/.M \friz)-f,it)J 

After some elementary algebra, using f'iz) = ^-rr^fiz), one finds 



z — w 



yr 



where 



En 



dz f dw 1 



1 



1 



w 



2m J 27ri w'^+^ 

• (1 -ptiz,w)) 



1 + zw; It; — z 
z^ 1 



/" dw 1 



1 



27rz / 27ri z"+i w^+i 



w z — w 
w 



M 

fiw) Vl + w — z 



■ {l-ptiz,w)) 



z 



2 1 



dz f dw 1 



1 



2TTi T 27ri z"+i 



z — tll 
1 u; 



/(z) V 1 + zw li; — z 



(1 -ptiz,w)) 



z2 1 



w z — w 



(2.6) 



(2.7) 



(2.8) 



(2.9) 



(2.10) 



(2.11) 
(2.12) 

(2.13) 

(2.14) 
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for t = ibi. In the above equations 

t{w - z){l + wz) 

Pt[z,w) = —- , , X (2.15) 

w{t — z)[l + tz) 

This function enjoys the properties 

pt ( --,w] = pt{z,w), pt ( z,- — ] = pt{z,w), pt{z,z) = 0, pt{0,z) = 1 (2.16) 



Z J \ w 

which win be of great importance later on. 

It is immediate to check cychcity (with t = ±1) 

VVrs f/r+l,s4-l 

Moreover we have the twist covariance property 

{i)nm V / (—i)nm 

that is the vertex with Y insertion at i is twist conjugate to the one with insertion at —i. 
This is due, in particular, to the property 

Pi{-z,-w) = p-i{z,w) (2.17) 

So we have a couple of twist-conjugate vertices. Due to the considerations at the 
beginning of this section, these two vertices are BRST invariant. As we will see in the 
sequel, they have the properties we need, therefore we stick to them even though they 
are complex. They are the two vertices defined by formulas ( |l.6|,|l.7] ). The corresponding 
E, U, U are the ones defined by eqs.( p.l2 , 2.13 , 2?l^) , with t = i and —i, respectively, in pt. 

2.1.1 The midpoint Neumann coefficients 

In conclusion, our midpoint vertices are defined as 

V[^i)nm = ■^{E(^±i)nm + a''~*t^(±i)nm + "''~''C^(±i)nm) (2-18) 

in terms of the quantities 

E(±i) = &(±i) + Z, /7(±j) = 'U(-tj) + Z, C/(±j) = U(±j) + Z (2.19) 

where 

f dz f dw 11/1 w \ , / / N 

£(±.)n^ = f ^ f 2^^^(rT^ - ^z) (1 -^'i^^^'-)) (2.20) 



I dz f dw 1 1 fiz) /I w \ , . / N 

U(±*)nm =i>ir-f ^^^^iHir-Z il-P±^{z,w)) 2.21 

^ ' I 2711 J 2Tn z^+^ w'^^^ j(w)\\ + zw w — zJ 

dz f dw 1 1 fiw) /I W \ , . ^^ / N 

^ f ^^^^-tAktT ){^-pUz,w)) 2.22 

2711 J 2m 2:"+^ yjm+L f{^z)\l + ZW W — zJ 

with the ordering term 



'^{±i)nm 



^la^^^l.^l^) (2.23) 

27ri / 27ri \ w z-wj ^ ' 
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2.2 The average (real) vertex 

In addition to these two vertices we will construct a third one which is twist invariant and 
real, although it does not evidently respect BRST invariance. 

One way to get a twist invariance vertex is to average between the two above, that is 
to make the replacement 

\ 3 1 / / -f {„„\ _ fJ+\\ 3 / f _ fjr\\ 3\ 

(2.24) 

in the above definitions, mimicking the method of images. We stress that here we refer to 
the average of the vertex exponents. 

This leads to (|2]28|,|]l|,|l|,|l|) with pt replaced by 

/ X 1/ / N , / {Z - W){1 + Zw){z'^ - I) 

Poiz,w) = -{pi{z,w) +p_i{z,w)) = 2.25) 

2 wi^l + z^j^ 

However this choice produces a singularity in the product (see subsection 2.4), a sin- 
gularity which is due to the double pole of po{z,w) at z = i and z = —i. The definition 
of the twist-invariant midpoint vertex requires a not a priori obvious modification, which 
is as follows. We replace pt with pq in £, with pi in U and with p_j in 11, (2.12,2.13,2.14) 
respectively. We notice that, beside the properties ( 2.16| ), one has 

Po{-z, -w) = po{z, w) (2.26) 

As is easily verified, this property guarantees twist-invariance of the Neumann matrices. 
We will denote the corresponding Neumann matrices simply by V^^- 

In summary the average (regularized) vertex is defined in terms of [/(j), and 

E = & + Z, £ = i(£(^)+£(_^)) (2.27) 

as follows 

^nm = -^{Enm + a''~''f^(i)nm + «'"~'*f^(-i)nm) (2.28) 

Now one can easily show that the Neumann matrices can be written in the compact 
form ( |1.9| ) (apart from the ordering term). 

2.3 Two remarks 

The matrices V^^i ^(±i)nm However, when r = s, it is always possible to add to 

them an upper left 3x3 matrix z, where Zij = Si+j^, with —1 <i,j < 1. The addition of 
the matrix z to V^^ does not change the vertex provided we understand that the expression 
of the vertex is normal ordered, since, in the definition (|1.S| ), the vertex is applied to the 
vacuum {0\. In fact we have more: 

/Ql . gCiTij bj+CnVnMbM .— /Q I gC„ V„m''A/ 
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for any matrix Tij. This ambiguity is allowed by the formalism and actually it turns out 
to be very useful. This remark will be crucial in the sequel. 

Another remark concerning the just defined vertices is the following. While the ex- 
pressions £,11 and U are ambiguous, due to the presence of the factor l/{z — w), in ( 2.ig| ) 



any ambiguity has disappeared. This is evident for E, but is true also for U and U. For 
instance 

f{z) w _f{w) + {z-w)f{w) + l/2{z-wff"{w) + ... w 



f{w) z — w f{w) z — w 

VJ 1 

+ wf'{w) + -(z - w)wf"{w) + ... 



z — w 2 

Of course only the first term in the RHS is ambiguous when inserted in the double contour 



integral ( 2.21 ), but it is cancelled by the ordering term. Therefore all the double integrals 
above are unambiguous. But if we evaluate separately (as it will happen) U and Z, for 
instance, we have to be careful to use the same prescriptions, because each separate term 
is ambiguous. 

Finally we record the twist properties 

C-E(i) = = U{-:^i)C (2.29) 

2.4 Fundamental properties of the Neumann coefficients 

In this subsection we will analytically prove certain fundamental relations for the matrices 
(|2.20| , ^l2l| , ^l2^) and (|2l2^ ), following the methods of Q. We remark that the analytic 



proof in this case is essential, because the numerical analysis, while confirming the analytic 
results, is hindered by the poor convergence properties of the product matrices. 



2.4.1 U(p)'U(p/) 

Our first aim is to evaluate the product (U(p)U(p/))„m where p and p' stand for either i or 
—i and denote generically the dependence on p±i. Since this result is specially important 
we present the calculation in full detail as a model for many others that occur in the paper. 

Let us consider the product '^{p)nk ^(p')fem- ^ integration 

variables z and C and in the second and w. We assume \z\ < \(\ and \9\ > \w\. This 
means that we have first to integrate in ^ and 6 and then in z and w. This prescription is 
arbitrary. We have to be careful to use the same prescription when computing the other 
pieces of [/(p)[/(p/). 

We use for U the definition above, ( 2.21| ), and perform the intermediate summation in 
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This is true if |C^| > 1- If the latter condition holds we have 



k=-l 



dz 1 



dO f dw 1 



2711 / 27ri J 27Ti J 27ri - 1 

■ii(r^-^)0-.(.c,). 

fiO) 



(2.31) 



1 



w 



f{w)\l + 9w w-e 



1 -p'{e,w] 



We notice that p{z, has a double pole in z = i and a simple pole in ^ = 0. p'{6, w) has 
a double pole in 6 = ±1 and a simple pole in w = 0. In order to avoid the pole at 9 = i 
it is more convenient to integrate first with respect to C. In the integrand there are poles 
in C = z,—^,^. In order to guarantee > 1| we have to take |C| > |||- Therefore the 
integration contour in ( will include the poles in z,^, but excludes — j. 
So we take |C| > 1 and \6\ < 1. Notice that we have 



kl<ICI, 1^1 >kl, 



i.e. \9\ > \z\ (2.32) 



To comply with the condition \(^\ > 1 we deform the C contour while keeping the 6 contour 
fixed. In doing so we have to be careful to avoid possible singularities in C. The latter are 
poles at C = -z, — ^1 1 and branch cuts at C = due to the /((") factor. One can deform 
the C contour in such a way as to keep the pole at — ^ external to the contour, since the 
z contour is as small as we wish around the origin. But, of course, one cannot avoid the 
branch points at C = i^- To make sense of the operation we introduce a regulator K > 1 
and modify the integrand by modifying f{Q 



/(C) - MO 



K + iC 
K-iC 



We will take K as large as needed and eventually move back to = 1. 

Under these circumstances we can safely perform the summation over k, make the 
replacement ( |2.3Cl| ) in the integral and get ( 2.311) . Now we can integrate over The 
integration contour only surrounds z,^. So ( 2.3l| ) becomes 



{C=7t} 



d9 r dw 1 



dz 1 



27riz"+i / 27ri / 27Ti w"'+^ 



1 fiz) 



Ml) 

w 



+ z I- z6 



f{w) V 1 + 9w w 



{C = z} 



i-p'{e,w) 

9z^ f{9) 



(2.33) 



1 



w 



z — 1 f{w) \l + 9w w 
1 — p {9, w) 
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where, on the left, in curly brackets we denote the pole that gives rise to the contribution 
in the body of the formula. 



Next we wish to integrate with respect to 9. There are poles at 9 = —z, ^,10, 
possibly at 9 = ±1, and branch cuts starting and ending at 9 = zizi and at 9 = 



■ K 



and 
(no 



poles at = 0, cxD !). The singularities trapped within the 9 contour of integration are the 
poles at 9 = —z,w. Since above we had K > |6'| > y^, it follows that |^| > Therefore 
also the branch points at 9 = of fK{^/9) are trapped inside the 9 contour and we have 
to compute the relevant contribution to the integral. Let us call this cut Ci/k and let us 
fix it to be the semicircle of radius 1/K at the LHS of the imaginary axis; the contour that 
surrounds it excluding all the other singularities will be denoted Ci/k- The other cut, due 
to f{9), with branch points at 9 = iti, will be denoted Ci; the contour that surrounds it 
(another semicircle of radius 1) excluding all the other singularities will be denoted Ci. 
The forthcoming argument requires that we split the branch point at 9 = i from the pole 
at the same point coming from p'{9, w). Therefore we will introduce a regulator in p'{9, w) 
to move away this singularity and return eventually to the initial condition. This regulator 
is simply to help keeping the branch point and the pole of p'{9,w) at 9 = i distinct. The 
role of the poles of p'{9, w) at 9 = i will be analyzed further on. 
Evaluating (^) we get 



{9 = w} * * 



dz 1 f dw 1 
1 w 



I — zw z + w 



(1 -P{z,-w)^ 



{0 = -A 



+ 



1 — zw 
fiz) 



(2.34) 



w 



fK{-l) \l-ZW Z + W 

d9{...) 



1 — p'{—z, w) 



fi-z) 



where the last term refers to the integral along the contour Ci/j^. We have used 

zw z w 1 



zw — 1 z + w z + w 1 — zw 

The problem now is to evaluate the integral around the cut. Fortunately this can 
be reduced to an evaluation of contributions from poles. To see this, we first recall the 
properties of f{z). It is easy to see that 



f{l/z)=^f{-z) and f{-z) = l/f{z) 



(2.35) 



This comes from 



z 



i + i 
1 - i- 

z 



1 



%Z 



l + iz 
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Above 7 is either l,a or a, depending on what Riemann sheet we choose. However, 
denoting with an arrow the effect of a transformation ( ^ we get 



/(-7)=7/(-C)-7/(7)=7'/(-C) 



On the other hand 



Thus 7^ = 1, which imphes 7 = 1. We remark that this result comes from requiring that 
the entry of / takes values on a Riemann sphere. The value of 7, however, does nott really 
matter provided we choose always the same sheet. 

Therefore, in the limit K ^ 1, the factor fK{l/0)/f{0) tends, up to the 7 factor, to 
(/(— 0))^. As a consequence, in the same limit, the integral of (. . .) around the Ci/k cut is 



the same as the integral around the Ci cut. To be more explicit in (2.34) we have 
In this expression the relevant cut is Ci//^. On the other hand 

de fi9) 



-/ ^fK{e)f{e). 

7 /ci 2vr« 



In this expression the relevant cut is Ci. It is evident that in the limit K ^ 1 the two 
expressions become one and the same. 

At this point it is convenient to take, instead of the integral around one contour, 
the half sum of the integral around both. But using a well-known argument, the integral 
around both cuts equals minus the integral around all the other singularities in the complex 
0-plane. I.e. the overall contour integral around the cuts equal the negative of the integral 
of (. . .) about all the remaining singularities in the complex 0-plane, which are poles at 
9 = —z, w,l/ z,—l/w, ibi. 

Returning to ( 2.33| ), the integral over C^//^ involves only the first part of ( |2.33| ) the 



one containing fx, because the second part does not contain any trapped contour. As for 
the possible double poles aX 9 = iti, they can at the worst be simple because the double 
pole of p±i{9, w) are partly compensated by the zero of — jz:^- Evaluating the residues 
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at the poles we get 



d9... 



{0 

{6 = 
{9 = 
{0 



Cl/K 

w} 
-4 



-J 



dz 1 



dw 1 



1 — p{z, —w) 



f ^11! ' 



W 



zw 



+ 



1 



w 



+ 



fK{-w) 



1 — ZW 

1 



1 



zw 

1 



z + w 

w 
z + w 
w 



'^-p'i-z^w) 

/(-- 



z + w 



1 



p{z,-w) 



fxiz) f{w) \1 - zw z + w 



1 — p{—z, w) 



{9 = ±z} 



+ 



where elhpses represent possible contributions of poles at 9 = zizi. The term 9 



(2.36) 

~ 1 



cancel exactly the term 9 = —z of ( 2.34| ) and the term 9 
in (2.34). The / factors in each of them become either 



w. 



cancel the term 9 



w 



lf{z)f{w), 



or 



7 



/(^)/H 

In order to evaluate the contributions of the poles at = itz we have to distinguish 
various cases. \i p = pi,p' = Pi, then the contribution of the pole at 9 = i does not appear 
because, 1) the double pole is partly compensated by the zero of — jrrjg, and thus is 
a simple pole; 2) the residue of this simple pole vanishes due to the factor /(^)^, which 

4 

vanishes as {9 — 1)3' when 9 ^ i. 

Let us consider next the case p = Pi-,p' = P-i- The double pole of p-i at 9 = —i is 
compensated by the zeroes of — j^tq and 1 — pi{z, —9). Therefore the pole disappears. 



In the case p = p~i,p = Pi we have a double pole at 9 = i, which is partly compensated 
by the zero of — jz:^- The remaining simple pole has a zero residue due to f{9)'^, as 
in the case p = pi,p' = pi. 

Thus in all three cases just considered, the ellipses at the end of (|2.36| ) correspond to 
a vanishing contribution. 

In the case p = p-i,p' = p~i, we have a double pole at 9 = —i, which is partly 
compensated by the usual zero of — . But the residue of the simple pole is divergent 
due to f{9). Therefore, in this case we have a divergent result. 

Finally we can write 



dz 1 



('U(j) 'U(_j))„m — ('U-(_j) 'U(j))„m 



dw 1 



z'^w'^ 



zw 



-'nm: 

0, 



n, m > 2 
-1 < norm < 1 



(2.37) 



The ss matrix in the RHS of this equation will be denoted by 1^ 



-15- 



On the other hand, 'U(_j)'li(_j) is singular. 

After twist conjugation we get also 

U(_i) U(-i) = lX(j) U(^-i) = U(^-i) U(^i) = Iss (2.38) 

while 11(4) ^(i) is singular. 

On the basis of the previous discussion one can better understand the origin of the 

singularity, mentioned in subsection 2.2, which arises if pi is simply replaced by po- The 
latter contains both pi and p-i and we have seen above that when two p-i simultaneously 
enter into the game we cannot avoid a singularity. 

2.5 Fundamental properties of V^^ 

The calculations relevant to the fundamental properties of the Neumann coefficients for 
the real vertex are completed in Appendix B. To summarize the results obtained, 
after incorporating those of Appendix B, in a compact form, we will use the 3x3 matrix z 
introduced in sec. 2.3, and introduce the oo x 3 matrix u, Un,i = Un,i {n > 2, —1 > i > 1) , 
as well as its twist conjugate and an analogous matrix e, en,i = En,i ■ Then 

U"^ = {U + Z){U + Z)=U^ + UZ = lss-uz, (2.39) 

tJ^ = {U + Z){U + Z) = lss-uz (2.40) 

and 

= {£ + Z){2. + Z) = 2} + 2.Z = lss-ez (2.41) 

Likewise we have 

EU = CU, UE = UC-Cez~uz (2.42) 
i.e., after twisting and combining, 

EU = CU, U E = UC+ ez-uzc (2.43) 

where c is C reduced to the first 3x3 block. 

It was noted in sec. 2.3 that we could add the 3x3 matrix z to E,U and U without 
changing the three string vertex. We use this freedom to redefine the vertex Neumann 
matrices. This simple move will dramatically simplify everything. 

Let us set 

E' = E + z, U' = U + z, U' = U + z (2.44) 
and let us compute U'^: 

U'^ = U^ + U z + z"^ = lss-uz + uz + 13^3 = 1 (2.45) 
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where, now, 1 is the identity matrix in the full range — 1 < n, m < oo. In the last derivation 
we have used the fact that zU = 0. Similarly we can prove that 

jjf2 ^ ^ ^ ^2.46) 

Moreover, using again the results of subsection 2.6: 

E'U' = CU + h^,3 + ez (2.47) 
U'E' = Ue-Cez + l3x3 (2.48) 

Twist-conjugating the second equation we get 

tj'E' = CU + ez + l3^3 (2.49) 

Therefore 

E'U' = U'E' (2.50) 

Twist-conjugating this 

E'U' = U'E' (2.51) 
We can now define two types of X matrices, X'^^ = E'v'^^ and X""* = Cv'^^ (y''^^ = 

V^'+zSrs), 

X^J = -(1 + a''-' E'U' + a'-' E'U') (2.52) 
3 

or 

X"-' = \ {CE' + a'-'CU' + a'-'CU') (2.53) 

The ghost three string vertex Neumann matrices V^'^, obtained from X'^^ dropping the z 
matrix, are those defined in section 1.1, eq.( |l.9D . 
Our first aim is to prove that 

X'e'X'e'' = X^E^'^E (2.54) 

and 

^TSj^r's' ^ ^r's'^rs (2.55) 

for any r,s,r',s'. For conciseness we write a'^~^ = (3 and a'^'~^' = (3' . To start with, using 
(ig) we get 

^'rs^'r's' ^ 1 (^^,^1 ^ + ^'E'tj' + PU'E' + PP'U'U' 

+ PP'U'^ + PU'E' + + ^/3'U'U'^ (2.56) 
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Similarly 

+ /3'^C7'^ + P'U'E' + + P'PU'U'^ (2.57) 

The necessary conditions for ( 2.55| ) to hold are 

E'U' = U'E', E'tj' = U'E', U'^ = U"^ (2.58) 

This is certainly true on the basis of the previous results. In the same way one can prove 
(2.54). Moreover it is not hard to show 

Xe + X+ + X^ = 1 

X+X- = XI-Xe (2.59) 

xl + {x+f + {x-f = i 

{X+f + {X^f = 1 + 2X1 -?,Xl 

The analogous relations for the X' matrices are not as simple. Unfortunately the Xe^s 
are not the matrices that are going to appear in the star product of two string states (see 
below). In the star product the relevant matrices are the X"s. We have 

X' -Xij = C^' - 1 = -l3x3 + cz + ce = e (2.60) 

while X| = It is easy to see that ^ has only two nontrivial columns, precisely the only 

nonvanishing entries are €_i_2n+i = ^i,2n+i = — (— l)"'(2n+ 1), n = —1,0, 1, . . .. Moreover 
(S commutes with all Xe''^ and X"s matrices, and = — 2G;, ^X' = X'^ = — ^. Finally 
one can prove 

X' + X'+ +X'- = l + € 

X'+X'- = - X' + (2.61) 

X'^ + {X'+f + {x'-f = 1 

{X'^ f + {X'- f = 1 + 2X'^ - 3X'2 - 2(£ 

2.6 Fundamental properties of V^^j* and V^^j) 

We proceed in analogy to the previous case. Although the procedure is the same many 
important details are different and we are forced to repeat the derivations. In the follow- 
ing we consider only V^^^, because everything concerning V^'^j^ can be obtained by twist- 
conjugation {CV^-^C = V^^jp- Many calculations relevant for the fundamental properties 
of the Neumann coefficients for the vertex V^^^ can be found in Appendix B. As before we 
will summarize the results in a compact form by means of the 3x3 matrix z and the oo x 3 
matrix n(j), U(^i)n^i = U(^i-)n,i (n > 2, — 1 > z > 1), as well as its twist conjugate 'U(j) and the 
analogous matrix e(j), e(i)„^j = . Then 

C/(_i)C/(j) = (l[(_i) + Z)(l[(i) + Z)= l[(_j)U(i) + Ui^-i)Z = Iss - Ui^-^i) z, (2.62) 
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U(-i)U(^) = {U^-^) + Z)^) +Z) = Iss - U(-i) z (2.63) 

and 

^(_,)^(,) = (£(_i) + Z)(£(,) +Z) = Us - e(_,) z (2.64) 
Likewise we have 

E(^_i) U(i) = C U(i), Ui^_i) E(i) = U(^^i^ C + e(_j) z - U(_i) z (2.65) 

E[-i)U(i) = CU(^_i), U(^_i)E(^i) = iJ(^_i)C+ e^_i)z-u(^_i)zc (2.66) 

where c is C reduced to the first 3x3 block. 

Now, as noted before, we are allowed to add the 3x3 matrix z to the E, U and U 
matrices without changing the three string vertex. We use this freedom to redefine the 
vertex Neumann matrices. Again, this will simplify everything. 
Let us set 

i^[±,) = i?(±i) + z, [/('^.) = [7(±,)+z, [7('±,) = C7(±,,) + z (2.67) 
and let us compute U'^_.-^U'^-y 

= + U(^i) Z + Z^ = lss- U(^^i) Z + Z + 13^3 = 1 (2.68) 

where, now, 1 is the identity matrix in the full range —1 < n,m < oo. In the last derivation 
we have used the fact that z f/(±i) = 0. Similarly we can prove that 

= 1, = 1 = (2.69) 

Moreover 

^(-.) U[,) = = U'i-^) %) (2-70) 

As before we can now define two types of X matrices, X'^^^^ = E'V^J^^ and = CV"^'.^** 

Xlc^E = ^(1 + + '^'-'E[_^)U[^) (2.71) 

or 

Xjf = \{CE[^ + a^-W^^ + c/-'CU[^) (2.72) 

The ghost three string vertex Neumann matrices V^^j*, obtained from X'^^^ dropping the z 
matrix, are those defined in section 1.1, eq.( |1.6D . 

Using the previous results and the methods of the previous subsection we can prove that 

vrs vr's' V^'s' vrs (n 7q\ 

^{i)E^{i)E — ^{i)E^{i)E 



-19- 



and 



=X([)^X([f (2.74) 

for any r, s, r', s'. In addition the matrices commute with the X'^.-^ ones. 

Moreover it is not hard to show that 

+ X^)E + ^{i)E = 1 
^t)E^{i)E = ^{i)E - ^{i)E (2-75) 

The analogous relations for the X'^-^ matrices are not as simple. Unfortunately in the star 
product the relevant matrices are the X'^-^^s. We have 

- X(i)E = -l3x3 + cz + ce=<B (2.76) 

while = ^(i)- Moreover (£ commutes with all X(j)E's and X'^^^s matrices, and = 

-2€, <EX'^.^ = = Finally one can prove 

^« + + = 1 + ^ 

= ^» - + ^ (2.77) 

(X;+)3 + (x;-)3 = 1 + 2Xg - 3Xg - 2e 
3. Commutators with Ki 

The fact that the twisted Neumann matrices of the three strings vertices introduced in 
the previous section commute opens the way to their diagonalization. The basis we will 

use is formed by the eigenvectors of the matrix G, which represents together with the 
operator Ki. The operator Ki plays a fundamental auxiliary role in SFT and in particular 
in relation with the three ghost strings vertex. Let us recall the relevant definitions from I. 

Ki= ^4 ^Pi ^? + X] ^1 ~ ^"^2 ^'-1 (3.1) 

where 

Gpq = {p- l)Sp+l,q + {P+ 1)15^-1,9, 

Hpq = {p + 2)5p+i,q + {p- 2)5p-i,q (3.2) 

Therefore G is a square long-legged matrix and H a square short-legged one. In the 
common overlap we have G = . Since we are able to completely solve the spectral 
problem for G, the latter will be a constant reference in the forthcoming developments. 
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The generating functions for G and H are 

z — 2w 



G{z, w) 
H{z,w) 



3zw 



zw{l — zw)'^ 
wz'^{3 + w'^ — 2zw) 



(1 - zwf 



(3.3) 
(3.4) 



As matrices they have the block structure 





( m \ ^ 




( ° 


\ 


-I 












\S \Gj 




u 





(3.5) 



where g-o is a 3 x 3 matrix and g represents a oo X 3 matrix with only one entry (the one 
in position (1,2)) different from zero. 

3.1 G and the V^'"^ vertex 

Let us consider G from now on. We want to prove that it commutes with CU. Since G 
anticommutes with C, this is equivalent to compute the anticommutator of G with U^-i^, 
which can be easily done both numerically and analytically. Here is the analytic proof 

dz 1 f dc f de f dw 1 ce 



^)(i-..(.,C)) 



27ri 

M(_}: 

/(C)Vl + < C-z 

Integrating wrt to 6 (pole aX 9 = ^) 

dz 1 f dC, £ dw 1 f{z) / 



2TTi C^* - 1 

e-2w + 39w'^ 

we{i - wof 



(3.6) 



= * 



2m 

•(l-p,(z,C))^„ ^A_,„^2 
dz 



2mw'^+'^ f{C,)\l + zC, C-zJ 



/ 2TTi z^+i J 



2m _ 

CI- 2wC, + 3u;2 
w (C ~ w 
dw 1 
2TTiw^ 



(3.7) 



z^ 1 



2wz + 3w^ 



w 



(z — w)'^ 



+ 



|(fi(T^-f^)(-«(.C))i(i-.w<.3.=)) 



The last two terms come from poles at = z and C = respectively. 
Let us add the ordering term and repeat the same procedure. 

dz 1 f dQ I de I dw I (6 
2Td 



G)nm — 



2-Ki 

2 1 



z 



2m J 2m w"'+'^ (6 ■ 
9-2w + 3ew'^ 



(3.8) 



C z-cj weii-we)"^ 

dz 1 f d( f dw 1 
2^i 



2m 
dz 



1 - 2wC + Su-^ 



2m 11;™+! y z — C 'w{C — w)"^ 



2m z' 



dw 1 
2Triw^ 



z^l- 2wz + 3w^ 



w 



{z — w)'^ 



d_ 
dC 



z^l- 2wC + 3w^ 
w z — Q 
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The first piece in the RHS of ( |3.7D cancels exactly the first piece in the RHS of 
we have only to evaluate the sum of the two remaining derivatives wrt C,. 
Next let us compute GU. We start with 



so 



dz 1 r dC 
-2C + 3ze f{0) 



de r dw 1 ce 

1 w 



(3.9) 



zC{i-zC)'^ fiw)\i + we w-e 

Integrating over we obtain 



1 - Pi{0,w) 



dz 1 
f{9) / 1 



de 

2Td 



dw 1 zO^ -2e + 3z 



w 



f{w) \ i + we 



dz 1 



27ri z 



n+l 



+ 



d (f{0) 

de \f{w) 



w — 
dw 1 

1 



2m w^+i 2(6* 
1 -pi{e,w) 



(3.10) 



2w + 3z 



l + w6 



w 



{w — zy 
1 -pi{e,w] 



ze^ -2e + 3z 



The last two terms come from poles at = w and e = z, respectively. 
The ordering term gives, 



nrr 



dz 1 



dC 
27ri 



diw 1 



de 



2m J 2m w"'+^ (6-1 



(3.11) 



Z-2C + 3zC^ e^ 

■ zCil-zCy 



-1 



w 



w 



dz 1 



de 



dw 1 



2e + 3z e^ 1 



2m / 2m J 2m z{e - z^ 



w 



w 



dz 1 



n+l 



dw 1 
27duf^ 



w zw 



2w + 3z d fze'^-2e + 3z 6^ 



z {w — zY 



^ de 



zw 



w 



In GU^i-j the first piece in the RHS of ( p.lOp cancels the first piece in the RHS of ( 3.11j ). 
What remains is a derivative wrt to C in ( p.7| , |3.8D and wrt to e in (3.1C ,3^). The derivative 
in (|3.7|) gives 



m 

/H 



1 



w 



1 + zw 



w — z 



{1-Pi{z,w)) + 



{l + w 



2n3 



w {w — z)'^{l + wzY _ 



The derivative in ( p.lO|) gives 



4 
— i 
3 



1 



w 



1 + ZtD 



W — Z 



{1-Pi{z,w)) 



fl + w 



2\3 



w {w — zY{l + wz)^ 



(3.12) 



(3.13) 



The sum of these two terms vanishes. 
The derivative in ( 3.11| ) gives 

z^{-l-3w^ + 2wz) 
w{w — z)2 



(3.14) 



- 22 - 



(3.15) 



The derivative in (^) gives 

z^il-Sz"^ + 4wz) 
w{w — z)2 

The sum of these two terms is 

-3— (3.16) 

w 

Therefore, apart from this term we get U^i^G + G?7(j) = 0, or 

[CC/(j), G]„m = —35n, 2(501,-1 (3-17) 

This is of course true also for CU(^^iy 
It is even simpler to prove that 

[C-E(^j), = — 35n,2'5m,-l (3.18) 

The anomaly in the RHS of these commutators is a well-known effect of not having 
included the last term in the RHS of ( |3.1| ) in the definition of G and H. We can easily 
cancel this anomaly by adding the 3x3 matrix z to E, Ui^i-^ and U(^_iy For let us compute 
[CU'^^yG]. The only change with the commutator [C[/(j),G] is the addition of —gz. This 
vanishes everywhere except for the (2,-1) entry, which equals 3. Therefore 

[CC/;,),G]=0 (3.19) 

Likewise one can prove that 

[CC7('_,),G]=0, [CE[^,yG]=^ (3.20) 

Therefore we conclude that X^^'^ + 5'^''cz commute with G. 

Summarizing the results of this subsection: the matrices X'^*, XJ".^ as well as the matrix 
C; commute with G, therefore they will be diagonal in the bases of eigenvectors of the latter 
matrix. To conclude let us recall once again that we can always add a matrix Zij to V^^-^, 
since, as pointed out in sec. 2.4 this ambiguity is allowed by the formalism. 



3.2 G and the V^^^^ vertex 

We need to prove that G commutes with CUi^±iy The case has just been analyzed. 
The case requires minor changes. ('U(_j)G)„m is the same as (11(4) G)nm, eqs.( pr^j3^ ) 
with the simple replacement pi p^i, and G ('U(_j))nm is the same as G {U(^i^)nm with the 
same replacement. 

After this replacement the derivative in (|3.7| ) gives 



I — (1 -Pi{z,w)) + 



3 \1 + zw w — zj ' w {w — zy{l + wz^ 



The derivative in ( p. 10 ) gives 



4.^ 1 ^ \n r (l + u;2)3 



3 \1 + zw w — zJ ' w {w — z)^{l + wz)'^ 
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that is, they are the same as before replacement, and the sum of these two terms vanishes. 
The derivatives in ( 3.11| ) and ( ^.81) of course remain the same, thus their sum is again 



-r- 

^ w ■ 

Therefore we get 

[CC/(_j), G]rim = — 35n,2'^m,-l (3-21) 

This is of course true also for CU^iy Moreover 

[C£^(_j), G]nm = — 35n,2'5m,-l (3.22) 

Again we can eliminate the anomaly in the RHS of these commutators by adding z. 
Indeed 

[CU[_.^,G]=0 (3.23) 

Likewise 

[CU[^,G]=0, [C%,),G]=0 (3.24) 

Therefore we conclude that ^^^i-^ + S^^cz commute with G. 

Summarizing the results of this subsection: the matrices X'^^.^ , X^^^^^ as well as the 
matrix (£ commute with G, therefore they will be diagonal in the bases of eigenvectors of 
the latter matrix. Our next purpose is to introduce such bases. 

4. The weight 2 and -1 bases 

This section is devoted to the bases of eigenfunctions of G. As it turns out the b, c bases 
introduced in I were incomplete, because only the continuous eigenvalues of G were taken 
into account, while the discrete ones were disregarded. Once complete bases are introduced, 
we will be able to write down spectral formulas for the G matrix and for several different 
Neumann coefficient matrices. 

We will also write reconstruction formulas for the A,B,G,D matrices (for their def- 
inition see eq.( 4.21| ) below) introduced in I. This analysis was started in ||2^ (see also 



1 31, 32, |3^), where spectral formulas were derived on a heuristic basis. We are now in the 
condition to clarify to what extent those formulas are valid. 

To start with let us recall the definitions of the weight 2 and -1 continuous bases of 
eigenvectors of G. The unnormalized weight 2 basis is given by 

fL'\z) = Y,V('\K)z-' (4.1) 

n=2 

in terms of the generating function 

^-'^(^) = (rr^y e^-'ctMz^ = i + ^,+ f!^_2\z' + ... (4.2) 
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Following 1 31, |3^, (see also Appendix B of Q), we normalize the eigenfunctions as follows 

yf)(^) = V/I^y„(2)(^) (4.3) 

where 

k( k-2 4- 4^1 



2sinh (^) 

The unnormalized weight -1 basis is given by 



n=-l 



in terms of the generating function 

f(-^\z) = (1 + z^) e^'^'-^t^'^W = 1 + + (^y + 1^ z2 ^ 



The normalized one is 



K + 4 

where V denotes principal value. We reported in M the 'bi-completeness' 



and bi-orthogonality relation 

oo 

Y,yy'\^)vP{K') = 5{K,K') 



(4.4) 



(4.5) 



(4.6) 



(4.7) 



n=2 



taking them from p^]. 

As for the first three elements of the -1 basis, i = —1,0,1, they can be 

expressed in terms of the others (see |33] and Appendix B of |^]) 



n=2 



One can easily show that 

^'-l,2n+3 = (-l)"(n + l) 



(-1)' 



hi 



,2n+3 



(4.9) 



+ 2) (4.10) 



However the 'bi-completeness' relation (|4.7| ) is not complete. The reason can be un- 
derstood by studying the spectrum of G. The matrix G looks as follows 



G 



/O -2 ...\ 
1 -10 0. 
2 0. 
3 1. 
4 0. 



V. 



(4.11) 



-25- 



It is easy to see that the go matrix (the upper left 3x3 block of G) has left eigenvectors 
(1, 0, 1), (1, =b2i, — 1) with eigenvalues 0, ib2z, respectively. By adding to this eigenvectors 
a sequence of zeroes in position 2, 3, ... they become left eigenvectors of the full G matrix, 
i.e. 



F(-^)(0) = (1,0,1,0,0,0,...), y(-^)(±2i) = (1, ±2^,-1,0,0,0,...] 



(4.12) 



are left eigenvectors of G with eigenvalues and ±2^, respectively. It is easy to see that they 
correspond to the vectors Vn for k = 0, ±2i, respectively. In other words the discrete 

eigenvectors are the same as the continuous eigenvectors evaluated at the corresponding 
eigenvalue in the k plane. 

go has also right eigenvectors, with the same eigenvalues. One can easily check that 

i\ /r 



I are right eigenvectors with eigenvalues 0, ±2i respectively. However, in order 

to get the right eigenvectors of G it is not enough to add an infinite sequence of zeroes to 
the eigenvectors of go, because of the presence of a nonzero entry in position (2,1) of G. 

The problem of finding the right eigenvectors of G can however be solved in an algebraic 
way. One adds unknowns in position 2, 3, ... of the vectors and imposes that the resulting 
vectors be eigenvectors of G with the above discrete eigenvalues. One easily gets 



(0) 



/l\ 



1 



-3 


V J 



,(2) 



(±2z) 



/l\ 

=F« 
-1 
±i 
1 

V ^ J 



(4.13) 



More precisely the entries of v^'^^ (0) are zero for n even and equal 
1) = — (6_i,2n+i + bi,2n+i) for ^ odd. The entries of V^'^\±2i) are 



±ib o,2n for n even and vf^^^i 
are the familiar ones 



'{2n + 
-IT = 



-(— 1)" = 6i,2n+i — b-i^2n+i for n odd. The b coefficients 



-•0.27* 



-1 



bi:2n+i = -i-inn + 1), 6_i,2„+i = -(-l)"n (4.14) 



Let us stress that v^'^^ (0), v^'^^ (i2i) are different from the values taken by the continuous 
y(2)(^) basis evaluated at k = 0, ±2i. This is the reason why we use for these discrete 
eigenvectors different symbols form the continuous ones, while for we use the same 

notation for both. 

Next we normalize the discrete eigenvectors as follows 

i)(2)(o) = ^^;(2)(0), i;(2)(±2z) = l-v^^\±2t) 
V 2 2 

y(-i)(o) = ^y(-i)(o), f(-i)(±2z) = Jy(-i)(±2z) 

V 2 2 
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Using (|4.9| ) it is easy to prove the following orthogonality conditions^ (we denote by ^ the 
discrete eigenvalues 0, ±2i) 

oo 

E yy'HOv^^He) = (4.15) 

n=-l 

oo 

n=-l 

oo 

E yy'\ov^'\'^) = o 

n=-l 
oo 

n=-l 

(2) 

To adopt this notation we have added three zeroes to Vn (k) in position n = —1,0, 1. In 
I, see eq.(5.17), we showed that 

oo 

E Vi'''>Grnn = ^Vy'^ (4.16) 

m=— 1 

From the explicit proof it is evident that G is diagonal on V^^^\k) for any complex value 
of K. Therefore the second equation in ( 4.15| ) holds as long as k 7^ ^. More about this issue 
later on. 

Now let us consider the matrix = (0^ (0+/ ^"^^ ('t)Kri {k). Using 

(|4.15D it is easy to prove that, for instance, Ylm=-i'^nmVrn = Vn (S^), etc., both from 
the right and from the left. Therefore we conclude that 

/oo 
dKVP{K)vi-'\K) = 6nm, n,m>-l (4.17) 
? -00 

This is the correct bi-completeness relation. In this formula it is understood the the 
integration on k is along the real axis. 
For future use we record 

1 

^'^(6+ E hnvPiO = o (4.18) 

i=-l 

4.0.1 Diagonalization of € 

We have already noticed that the G; matrix of the previous subsection is diagonal in the 
basis of G eigenvectors. Indeed one easily realizes that <BV^'^\k) = = V^~^\k)^ for the 
continuous eigenvectors, while 

(£?;(2)(o) = -2^(2) (0), <^v^^\±2i) = (4.19) 
U(-i)(0)^ = -2U(-i)(0), u(-^)(±2i)g = 

for the discrete ones. Therefore the presence of G; in ( |2.61| ) only affects the discrete 
eigenvalue of G. 

^ These orthogonality conditions certainly hold for k away from the singularities of the bases normaliza- 
tion factors (see the beginning of this section), but must be otherwise used with extreme care. 
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4.1 Spectral formulas 



Using the spectral representation one can reconstruct G from its eigenvalues and eigenvec- 
tors: 



Grt.n 



dn {k) k Vl-i) {k) + iO C Vi-'^ (0 



(4.20) 



d^^oo pE^i'^ i^) + 2 Vl-i) (20 - (_2i) vl-i) (-2i) 



For instance, for — 1 < i, j < 1 we have 





/ 


(I) 


1 I 






—i 


(l,2i,-l) - 1^ 






l-v 





(l,-2i,-l) 




Next, using (p^ , 



21 



2sinh^ 



-(z(-l)-(-i)(-l)) =2 + 1 = 3 



Similarly G2-1 = 0, G2,o = and so on, as expected. 
4.1.1 Properties of the G spectrum 

According to formula (5.17) of I (or ( [4. 161) above), formally any value of k is a continuous 



eigenvalue of G. Nothing prevents us from extending eqs.(4.15) to complex k, provided 
we remain in a strip around the real axis. Indeed for k = ib2m, with natural n, some- 
thing happens: the ^^"^^(k) basis has only a finite number of nonvanishing terms and the 



measure in the spectral formula (4.20) above has a simple pole. In fact, if we compute for 
instance the element G21, we get 3 as above as long as the integration contour stretches 
from —00 to +00 in the strip |9(k)| < 2, it becomes 7 in the band 2 < |3'(k)| < 4, -49 
in the band 4 < |9(k)| < 6, etc. These jumps are due exactly to the contributions of the 
poles: as one moves the contour up or down some poles may remain trapped inside the 
contour, giving rise to a contribution which equals exactly the corresponding residue. 

From this we learn that, unless we do not want to correct the results by hand each 
time, the good region for the spectral formula of G is |9(k)| < 2. 

4.1.2 The reconstruction of A,B,G,D 

The A, B, C, D matrices are defined by the relation 



Aa) I Ag)] 

i-O "T ■'-0 



mNON 



(4.21) 



They were explicity calculated in I. Here we want to discuss their reconstruction formulas. 
In |^9| we numerically proved the reconstruction formulas (4.28) and (4.31) for the bulk A 
and matrices, using boundary data. We show below that the boundary data information 
is contained in the discrete basis. 
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To start with let us propose the spectral formulas: 

/oo 
dKVP{K)a{K)Vi-'\K) + Y.v^:^\i)a{OVi~^\0 (4-22) 
-oo ^ 

/oo 
dKvP{K)t{K)vi-'\K) + Y.v^^\iymi-'\o (4.23) 
-oo ^ 

Let us recall from I the continuous eigenvalues of A and C (see also the re-derivation of 
these formulas in Appendix C) 

, , TTK 1 , , TTKCOShf^) 

aU) = . — ^, dn) = h4 (4.24) 

^ ' 2 sinh(fi)' ^ ' 2 sinh(2^) ^ ' 

and notice that a(K) becomes singular on the discrete points of the spectrum k = ziz2i. Let 
us assume for the time being that the discrete eigenvalues of A coincide with the continuous 
ones evaluated at ^ (this is not obvious and will be justified later on). 
Taking an expansion about ^ we have 

a(x) = l + 0(x^), a(x±2i) = -l + 0(x) (4.25) 

X 

c(x) = l + 0(x^), c(x±2i) = ±— + l + 0(x) (4.26) 

X 

for small x. Vn^\^) and Vn have been defined above. In particular all entries of 

Vn vanish in positions n > 2. We have already remarked that their values coincide 

with the limit of Vn when k ^ ^. If we use this definition the vanishing of all entries 

in positions n > 2 is true only in the limit x ^ 0, which is enough in general, but not in 
( |422|) and (|]2|), where these zeroes are needed to cancel the poles in ( |4.25|j4^26| ). More 
precisely we have 



and 



J Ztti \ \ — iz J 



X 

Sn-l + 2i5„,0 - 5n,l + — (-2i Ao,n + - Ai^n + 2i(^n,0 " 4(5„,l) 



Therefore, for n > 2, 



(2i + x)^^{-2i Ao,n + ^-l.n - ^l,n) (4.29) 

2i 



In a similar way one can prove that 



^\-2i + X) « 5n,-l - 2i6n,0 - <5„,1 + — (-2i^o,n - A.i^n + Ai^n + 2i6nfl + 46n,l] 
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i.e., for n > 2 

y^-i) {-2i + i-2i Ao,„ - + (4.30) 

We recall that ^o,n vanishes for odd n while Ai^n = — ^-i,n vanishes for even n. Now 

= lim (a{x + 2i)vl^\2i)vi-^\x + 2i) + a{x - 2i)dl^\-2i)vi-^\x - 2i) 

= — ^( — 2i^0,2m + ^-l,2m+l — ^l,2m+l ) (i&0,2n + ^l,2n+l — ^-l,2n+l) 
+ ^( — 2i^0,2m — ^-l,2rra+l + ^l,2m+l ) (i&0,2n + ^l,2n+l — ^-l,2n+l) 



Therefore 



Finally 



= -V2nA0,2,n + Al,2n+l(6l,2n+l-6-l,2n+l) 
a=-l,0,l 



a=-l,0,l 



(4.31) 



This is precisely formula (4.28) of [29|. 

Similarly, for a = —1,0,1 and m > 2, using the same equations and the fact that 
V^^\k) = 0, we find 

ia,™ = ^^?)(Oa(e)vl-^He) 



lim a(a; + 2i)v^^^> {2i)V^-'-> {x + 2i) + a{x - 2i)v^^^> {-2i)Vi-'-> {x - 2i) 





1 






'4 


(::) 


v 







-2i Ao,2m + ^-l,2m+l — ^l,2m+l) 



/l 



+ 



-2iA(j^2m — ^-l,2m+l + ^l,2m+l) 



(4.32) 



This means 



1,-m 



,m ) 



A. 



0,m — Aq rn 



A 



l,m 



-A 



l,m 



(4.33) 



This completes the recostruction of the matrix A, including the first three rows, which in 
1 29] were called boundary data. These boundary data turn out in fact to be stored in the 
discrete basis. 
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The previous result confirms that the guess for a{x it 2i) was correct, but it does not 
say anything about the = discrete eigenvalue of A (the latter has not been used in the 
previuous derivation). 

Using the same method it is easy to prove from ( f4.23D that 

Cnm = [ dKVjl^\K)c{K)Vj;,-^\K) - V„ Ca,m (4.34) 

a=-l,0,l 



for 71,171 > 2. And, using ( 4.23 ) for a = —1, 0, 1 and m > 2, one can show that 



i.e 



C—l^m — ^l,m) Co,m — ^0,m) Cl,m — l,m 



Ca,m — a,m (4.35) 



This is another set of boundary data of [^9[ which is contained in the discrete basis. Again 
this confirm the validity of ( [4.26 ) (except for ^ = 0). 



It remains for us to reconstruct the values of Bn^i and Cn,i- Applying flatly the same 
formulas above we obtain divergent results, because the divergences of (PI) and (|]2|) are 



not compensated by vanishing basis vectors. As this does not interfere with the subsequent 
developments we leave this problem open. Let us simply summarize the following facts: 
(Eq.\^.2^) is a good representation of A, provided we supplement it with three columns of 



zeroes; it of course provides a good representation for the bulk of B; Eq.(4-2S) is a good 
representation for C excluding the first three columns and is a good representation for 



if we limit ourselves to the bulk of Eq. (4-25). 



5. Reconstruction of X, X"^, ^(j), X^*^) 

The first important test of the formalism is the reconstruction of the three string vertex 
Neumann coefficient matrices. It is convenient to start from the real (average) vertex. 
The definition of CX = V'', eq.(|L|), is 

^\Idz_ fdwj^ 1 /4. 1 + f{z) + f{w) 1 \ 

"™ 2/ 27ri/ 27riz"-iu;"^+2 V3 (l + z2)2/(^)-/(u') z-w) ^ ' 

This must be compared with the reconstruction formula 

In order to make the comparison we have to know the eigenvalues. The continuous 



eigenvalue of the wedge states from the KP equation, |4£] derived in I (see also Appendix 
C), are 

sinh(^(2-t)) 
= sinh {^t) ^'-'^ 
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In particular for the case n = 3, which must coincide with X', this gives 

sinh (^) 



sinh(^) 



(5.4) 



We will take this as the appropriate continuous eigenvalue for X' . Next we face the problem 
of the discrete eigenvalues Evaluating the continuous eigenvalue at the discrete points 
of the spectrum we would get p(0) = — |,j:(±2z) = 1, but it turns out that this choice 
is wrong. The appropriate discrete eigenvalues turn out to be (see Appendix C for a 
justification) 



(5.5) 



Using (5^,5^) we get immediately X^'^ = 0, m > 2, because vj~^\K) = and 
v!n^\i) = 0, for x ^ 0, and no singularity to be compensated. Instead 



X', 




(1,0,1) + - 









!'■) 


v 





:i,2i,-i) + 



/i 

i 

V 



(l,-2i,-l) 



-1, 



(5.6) 



X, given by (5.1), has vanishing first three rows. Therefore the matrix in ( |5.6| ) corresponds 
rather to the matrix z discussed in sec. 2.4. But we have already seen that to the Neumann 
matrices of the left (ghost number 3) vertex we can always add a matrix like z. 
Let us see now a sample of the other entries 

1 



^2,1 



+ -(z.l 



i • 1 = 



2sinh (^ 



sinh(^) 4^ 



i ■ i-2i)) 



32 
27 



3,-1 



sinh (^) 



X 



4,0 



2sinh(^) sinh(^ 

,^2 



11 49 
-(-3)1 + -(1- 1 + 1-1) = — 
2^ ^ 4^ ^27 



dK- 



1 sinh(^^ 



2sinh (^; 



+ -li + i- {-2i)) 



2 sinh (^) 4 
and in the bulk, where only the continuous spectrum contributes, 



320 
243 



X- 



3,3 



dn- 



K [K 



+ 4) sinh (^) _ 541 



2sinh (^; 



24 sinh (^) 



19683 



and so on. These are precisely the values expected from (|5.l| ). 

Analogously, one can reconstruct the X^ matrices. In that case, the discrete spectrum 
does not contribute, that is, = for = 0, ±2i. This implies, correctly, that X^ = 0. 



For the continuous spectrum, we use the same expressions as for the matter part, see [£lj] : 
f+(K) = -(l + e^)3:(K) ; y-(«:) = -(1 + e-'^)p(K) (5.7) 
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-+2. 



Here is a sample of components of X 

16 



X2 Q = I dn 



X3+_i = / (Ik 



X3 Q = I (Ik 



2sinh( 


TTK \ 
2 ^ 


?+(^: 


)K 


2sinh( 


2 ^ 




k2 


2sinh( 


TTK \ 
2 ^ 


?+(^; 




2sinh( 


2 ^ 




2sinh( 


TTK \ 

2 V 







27 
16 
27 

64 
81\/3 



2,2 / o.;„u^^«^ I 6 3 y 729 

896 

2 = ' d^ /. : ( — + 



2sinh(^) V 6 3 J 729^/3 



For one can do the same using (k) and see that it also works perfectly. 

Let us conclude with some remarks. In the previous section we have seen that the 
twisted Neumann matrices X''''^ commute with G, and thus are diagonal in the bases of its 
eigenvectors. In this section we have written down such bases and we have shown that by 
their means we can construct spectral representations of X'^^ which faithfully reconstruct 
the latter. We remark that it is easier to identify the discrete eigenvalues of X by this 
indirect method rather than by a direct approach. 

Let us consider now X^^y This matrix is obtained by twisting 

(i)nm 2 J 2TTi J 27ri z^~^w^+^ y3\l + z^)^ fiz)- f{w)\f{z) J z-wp'' 

The corresponding = CV^-"!^ matrix can be reconstructed from the matrix X above by 
adding additional contributions (the primed matrices are obtained by adding z) 

X^i)nm = X^^-^i (^i^ (^i) - I VP (0) ll-i) (0) (5.9) 

The last addend affects only the first three columns. In this equation V^'^\ as well as 
V^~^\ stands for the continuous basis evaluated at the corresponding points. Let us see 
some examples of the validity of ( ^ ) 

, , 16 32 16 
4 2 

(2,-1) : -2i = - -i - -i 
3 3 

, , 64 64 
(3,0) :-i = + -i + 

, , 6301 541 640 

(3,3 : = + 

^ ' 19683 19683 2187 



^In computing some of the components, for example, X'^^^ -\ ^-^i^ ^t-x-, the integrals must be 
regularized. This has been done using the principal value prescription. 



-33- 



In a similar way one can deal with see Appendix D. 

In order to understand the origin of the correction in ( ^.91 ) with respect to ( |5.2| ) let 
us return to the latter, which is the classical spectral formula one would expect, i.e. the 
summation over the eigenvalues (both continuous and discrete) multiplied by the appro- 
priate eigenprojectors. In that formula the continuous eigenvalues are real. However we 
have noticed above that the continuous eigenvalues may as well be complex. Therefore 
we could consider the spectral formula with a contour away from the real axis. If there 
are poles between the new and the old contour the final results will be different. This is 
precisely what happens in the passage from ( ^.21) to ( ^.91) . The difference corresponds to a 
modification of the integration contour over the continuous spectrum. 

The continuous part of the spectrum is 

AX„„ = J dKfi{3,K)V^^HK)Vi-^\K) (5.10) 

where the measure is 

^' ~ 2sinh(^) " 2sinh(^) sinh {^) ^ ' 



This measure has poles at k = zt^m for natural n. If in ( 5.1C| ) the integration contour is 



along the real axis we get back Xnm- But let us suppose that 

AXnm = [ dKfx{3,K)V^^\K)Vi-^\K) (5.12) 
JCi 

where Ci is a straight contour from — oo to +00 with | < 9(k) < 2. If we move the 
upper contour toward the real axis we are bound to meet two poles of the measure, one at 
K = Ki = Y and another at k = kq = 0. So finally we obtain the usual integral along the 
real axis (which corresponds to X) plus two contributions from the two poles that remain 
trapped inside the contour. The latter are clockwise oriented, so we have to change the 
sign when calculating the residues. 

It is easy to show that near the poles Hi, see ( 7.10| ), 



N 2 1 , , /2 \ 1 

/i(Kl + x) PS , h{K0 + x) PS - - 1 

3 irx \3 J nx 

where we have kept distinct the contribution represented by -1 for a reason that will become 
clear later on. Therefore 

dK n{3, k)vP {K)vi-^\K) (5.13) 

poles 

dx-^- V^'\k, + x)Vi-'\K^ +x)-idx\^- yp)(^)y^-i)(^) 
bm x J 2 bin x 

= -jV^^H.,)vi~'\.,) - |yp)(o)K(-^)(o) 

The contribution of the pole at k = has been divided by two because only 'half pole 
contributes (this is consistent with the remaining calculations). In this way the contribution 
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( 5.13D accounts precisely for the difference between X and ^(j), except for the contribution 
iVji^\Q)Vm ^^(0). Taking it into account we can write 

= / . d/t/i(3,K)yi2)^yj^-i)(^) -iVP{Q)Vi'^\^) + (•••) (5.14) 



3'(k)>| 

where the integration contour runs parallel to the real axis just above the pole at k = y. 
The second piece in the RHS of is a 'necessary scar' of that formula we will comment 



about later on. The omitted terms (...) are the contribution from the discrete spectrum 
(which is not touched by the shift in the k integration). 

6. The spectral argument 

It is time to see our three strings vertex at work. Let us consider the star product of two 
wedge states as in the RHS of (|1.2|) 



|5) = AAexp (ct56n |0) (6.1) 



I.e. 

{%\Si)\S2) = {Si2\ (6.2) 

We remark that the states like ( |6.1| ) are defined on the ghost number vacuum |0) , while the 
resulting state in the RHS of ( |6.2| ) is defined in the ghost number 3 vacuum (0|. Therefore 
(5121 is not yet the star product. We will discuss in HI on how to recover \Si2)- 
The matrix S12 = CT12 is given by the familiar formula 



'12 




(6.3) 



where 



^12 





In these formulas the matrices X, X^ represent X' ,X^ ov -'^(j-j) , ^(±j) • for the matrices 
Ti = CS'i,T2,Ti2 they are supposed to represent wedge states. The latter, denoted simply 
by \n) = must satisfy the recursive star product formula 

|n) ★ \m) = \n + m — \) (6-5) 

Our purpose in the sequel is to prove that the squeezed states at the RHS of (p^), 
when star-multiplied with our three strings ghost vertex, do obey the recursive formula 
(|6.5| ). To this end we will proceed as follows. After determining (which we have done in 
the previous section) the eigenvalues of the twisted Neumann matrices of the vertex we 
will determine those of the squeezed states at the RHS of (|1.2| ), by inferring them from 
the properties of the gh = wedge states via the KP equation. We will show that the 
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recursion relations of the wedge states ensuing from (^]^) are satisfied. Finally we will 
show how to reconstruct the ghost gh = 3 results of the star product with the appropriate 
spectral formulas. The gh = states corresponding to them will be reconstructed in III. 
This argument is based on the prejudice that gh = 3 and gh = wedge Neumann functions 
have the same continuous and discrete eigenvalues. This fact is not at all obvious a priori. 
But it will be justified beyond any doubt with the reconstruction formulas of the gh=0 
states in III. 



The argument is anything but simple. To facilitate the comprehension let us for the time 
being assume that Ti, T2 commute with X, (which is not true!). In such a case, setting 
Ti = Tn and T2 = Tm we would get that, if ( |6.5| ) is true, it follows from (|6.3|) that 

X-iTn + T^)X + 



t n+m—l 



l-{Tn + T^)X + TnTm{X-€) 

Setting T2 = we can write the recursion formula 

X{l-Tn)+Tn€ 



(6.6) 



(6.7) 



l-TnX 

This result is not true for the matrices but we will show it to be true for their eigenvalues. 
This is due to the fact that the Neumann matrices of the ghost number wedge states 
have a subset of eigenvectors in common with G, while the remaining ones are different ^ . 
Once again this fact will be entirely clear only at the end of III, where it will appear that 
gh = and gh = 3 wedge states Neumann matrices have the same spectrum. The next 
thing to be done therefore is to evaluate the eigenvalues of r„. 

6.1 The recursion relations for eigenvalues 

The recursion relations for matrices ( |6.7D are not expected to hold, but we wish to show 
them to be true for their eigenvalues. Applying ( |6.3D to the bases V^'^^{k) and 
one can see that the continuous eigenvalues must satisfy 

Wi(^) = ?(^) . ^ 7 !" w ^ ' ^3(/^) = (6.8) 
while for the discrete eigenvalues one should get 

where the -2 addend in the numerator comes from the eigenvalue of (B. The values of 
tn(K),tn(C) are determined in Appendix C (using the results of I). tn{n) has already been 
reported in eq.( |5.3[ ), while the discrete eigenvalues are given by 

tniC = 0) = -1, i^{±2i) = 1 (6.10) 



^Two matrices can of course have the same eigenvalues without commuting. An elementary example is 

given by the two matrices Mo = and Mt = ^ with 6 7^ 0. They have the same eigenvalues but 

do not commute. Moreover (counting left and right eigenvectors) they have two eigenvectors in common, 
while the other two are different. 
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It has been shown in I that ( |5.3D does indeed satisfy the recursion relation (|6.8| ). It is easy 
to see that ( |6.9D is also satisfied by the above found values ( |6.10D , provided one observes the 
following procedure: one first replaces the values j:(ib2i) = 1, j:(0) = —1 while keeping 
iniO generic. After simplifying the expression one inserts the values ( |6.10| ). We remark 
that the presence of the <B matrix in ( |6.7D is essential in this respect. 

It is well-known that (|6.8|) can be solved in terms of the sliver eigenvalue, |43, 44 1. 



We repeat here this derivation to stress its uniqueness. We require that |2) coincide with 
the vacuum |0), both for the matter and the ghost sector. This implies in particular that 
i2 = which entails from (|6.8D that ts = f, t4 = etc. That is, i„ is a uniquely defined 
function of y. But p can be uniquely expressed in terms of the sliver matrix t 

(6.11) 



t2-t+l 



a formula whose inverse is well-known, E9, 47 1 



1 



t=^(l + F-\/(l-?)(l + 3f)j (6.12) 

Therefore in can be expressed as a uniquely defined function of t. Now consider the formula 

t+(-t)"-i 



in. 



1 - i-iY 



It satisfies (^^) as well as the condition t2 = 0, therefore it is the unique solution to (^ 
we were looking for. 

For completeness we recall also the recursion relation for the normalization constants 

Ma+l =MnlC det (1 - TnX) (6.13) 

It is easy to see that the discrete eigenvalues give a vanishing contribution to the determi- 
nant, therefore the discussion reduces to the continuous eigenvalues, and this was done in 
I. 

In III we will also give evidence that (when the matter sector is coupled) this overall 
normalization will be 1. 



7. Reconstruction of the dual wedge states 

In the previous sections we have defined three strings vertices for the ghost part. We have 
consequently defined a midpoint -star product. It is not possible to do the star product in 
a single step, i.e. it is not possible to start from two gh = states and end up with the 
resulting star product as a gh = state (in the matter case this is possible up to a bpz 
conjugation). In this case we must go through a two step process. We first compute the 
gh = 3 state which is the result of the operation in eq.( |6.2D . The second step consists in 
computing the gh = ket corresponding to this result (this operation turns out to be far 
more complicated than the simple bpz conjugation of the matter sector). 

In the rest of this paper we will be concerned with the first step, while the second 
will be the subject of III. In the previous section we have calculated the eigenvalues of the 
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resulting {gh = 3) object (which we will call the dual or bra star product wedge state) in 
the weight 2 and -1 discrete and continuous basis. Now we wish to express this state as a 
squeezed state in the oscillator form. To this end we resort to the reconstruction formulas, 
which are nothing but the ordinary spectral formulas in which, however, the integration 
contour for the continuous spectrum must be specified. As we will see, different contours 
give different results with different characteristics: they may or may not be surface states 
and may or may not be BRST invariant. 

In parallel with section 5 let us write down the spectral representation for the left 
gh = 3 wedge states: 

= / dKVj^'\K)t^{K)Vi-'\K) + (OW(OVl-^He) (7.1) 

where for practical reasons we have slightly changed the notation: T^^^ = CS^ and the 
prime denotes the addition of the z matrix. Let us recall that the discrete eigenvalues are 

iW(0) = f(0) = -1 ; t(^)(±2i) = y(±2i) = 1 (7.2) 

while the continuous eigenvalue is given by (l5.3|) . We thus have 

""^ y_„o 2sinh(^) ^" ^ ' 

- \v^^Hmi''\^) + \{v'i\2i)Vj;^'\2i) + v[^\-2^)V,^-'H-2i)) (7.3) 

where the integral is, for the time being, along the real axis. 
Let us compute a sample of the entries of T4 



'_oo 2sinh^ V2 ) A^^ ' ^ " 16 



T^W _ /_^d^2sinh(^) U ^ 3y 16 



00 



t(4)(K) (k^ 2k\ 3 



00 



t(4)(K) (k^ _ 1 



^ 2sinh(^) V24 G J 32 



These perfectly agree with the formula for the Neumann coefficients of the left gh = 3 
states 

(n| = (0|e~'^''V/''« (7.4) 

where 

Mn) ^ I I dwJ: 1 (2i 1 + fnjz) + fnjw) 1_\ 

%2^i%2^izP-^w^^^+^\n{l + z^f U{z)-Uw) z-w) ^''^^ 
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and 

The only exception is the insertion of the z matrix in the upper left corner (which, however, 
can always be done due to an intrinsic ambiguity of the oscillator formalism, as explained 
in sec. 2.4). 

A similar numerical agreement has been checked also for T^^^ and higher states. The 
reconstruction formula has given us back squeezed states that belong to the same family as 
the average three vertex (see section 5). These states however are not surface states with 
insertions, which creates problems with BRST invariance (see Appendix A and especially 
III for a discussion of these issues). 

7.1 The dual wedge states vi^ith Y{i) insertion 

In order to get BRST invariant surface states as gh = 3 wedge states we have to change the 
integration contour. To this end we follow the recipe of the second part of section 5. That 



is we use again (7.1), but redefine the integration contour over the continuous spectrum 



{Tf\m= dnVP{K)iN{K)Vi-^\K)= dK^,{N,n)VP{K)Vi-^\K) (7.7) 

where the subscript c stands for the continuous part of the spectral formula. Cat is the 
contour to be specified and the measure is 

(N ^- tjv(K) _ 1 sinh(^(2-iV)) 

'"^ 2sinh(^) 2sinh(^) sinh (H^iV) ^' 

This measure has poles at k = ±^ for natural n. If in ( |7. 1| ) the integration contour is 
along the real axis and we move it up, we are bound to meet the first pole at k = ki = 
In ( |7.7| ) the contour Cat stretches from — oo to co in the upper k plane with 9(k) just 
above This traps two poles of fi{N,K), i.e. the poles at k = ki = |^ and k = kq = 0, 
lying between this contour and the real axis. Therefore the integral over Cn reduces to 
the usual integral along the real axis plus the contributions of clockwise oriented contours 
around k = ki and kq, i.e. 

/oo 
d^f^{N,^)V^'H^)Vi-'HK) (7.9) 
-oo 

dKf,{N,K)V^^\^)Vi-'\K) - i / dKf,iN,K)V^^\K)Vi-'\K) 

where C^^ and C^q are small anticlockwise contours around ki and kq, respectively (taking 
half of the latter contribution for the reason explained in section 5) . Let us write 
for small x. It is easy to show that near the pole and for N ^ 2 



sin (^) ^ 

^1(2 -AT), sm(^)=0 ^'-^^^ 
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When N = 2 the measure //(2, k) = 0, as it should be. However, in that case the relevant 
measure becomes fi{2, k) = 2sinh(iLji) poles are at k = 2m, and near them we have 

/^(2,k)«^^ (7.11) 

TTX 

Returning to A'^ 7^ 2 we have, for instance, 



^VJ,'\K,)Vi-'\K,) (7.12) 



and 



dK^(iV,K)yp)(^)vK-i)(^) = 2i (^1 - 1) Fi')(ACo)^i.-')(Ko) (7.13) 

The factor —2i in the RHS of this equation, which is absent in the case = 2, is the 
contribution of the pole coming from the first factor in the RHS of ( 7.10 ), which is the 
measure appearing in the orthogonality relations. We will forget about this additional 
factor for the time being and comment about it later on. 
Finally 

TSL = ni^-PyJ^' {P) Vi-'^ {P)-'^Vj^H0)Vi-^H0) (7.14) 

where V^"^^ and y^^^^ stand for the continuous bases evaluated at the corresponding points. 
Here are some examples of this formula for A'^ = 4 (the A'^ = 3 coincides with the ghost 
vertex Neumann coefficients of section 5) 

(2,-1) : --i = 0-i- - 
^ ' ' 2 2 

, ,19 11 1 

(3 1) : _ = _ + _ + 

^ ' ' 16 16 2 

. 15 5 5 

(4,2 : = + 

^ ^ 16 16 4 

bi 5i 

This is precisely what is expected for the BRST invariant dual wedge state specified by the 
following Neumann coefficients 

Si.rj={—{—^^ (7-15) 



fni'^) fN{z) - fN{w) V fN{z) J z-w 

These are surface states with Y(i) insertion. They are obtained by setting t = i in the 
appropriate formulas for the Neumann matrix in Appendix A. 
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In Appendix D we show how to reconstruct also ^(^^j- 

Now let us make a comment about the factor of +i we disregarded above in the RHS 
of ( 7.13| ). This factor gives rise in the spectral formulas ( [7.14 ) to a term proportional 



to Pni = Ki^^(0)y/ ^^(0) (remember that vJl ^\o) = for n > 2). Putting everything 
together, the reconstruction formula for Tj^^^ in terms of contour integration is (see also 



where the contour is a straight line from — oo to oo just above the pole at k = The 
rank 1 matrix P commutes with everything else in the spectral formulas and one would be 
tempted to drop it; however this piece will turn out to be godgiven in paper III. 
Let us end with a few important remarks. 

Remark 1. In functional analysis the spectral formulas for operators are the sums 
(integral) of their eigenvalues multiplied by the corresponding eigenprojectors. In ( 7.14 ) 



this corresponds to the first term, T^^\ in the RHS. The other terms in the RHS are still 
diagonal and made of eigenprojectors, but the corresponding eigenvalues are infinite and 
are replaced by the residues of the relevant poles. This is the real novelty of such formulas. 
We call the former part, the genuinely spectral representation, the principal part and the 
latter the residual part. With some abuse of language we will keep referring to formulas 
like ( 7.16| ) as spectral representations, since they are diagonal and contain only informa- 



tion about the spectrum. It is important to notice that all the spectral representations 
considered in section 5,6 and 7 represent matrices which are completely diagonal in both 
the continuous and discrete bases of eigenvectors of the matrix G. This characterizes all 
the ghost number 3 wedge states and marks a sharp difference with the ghost number 
wedge states, characterized by Neumann matrices which are not completely diagonalizable 
in the same bases. 

Remark 2. The wedge states we have considered in this section are characterized 
by the fact that they can be represented as squeezed states, but only those with Y{±i) 
insertions are BRST invariant surface states; for the remaining ones the latter properties 
are open questions and will be rediscussed in III. However we would like to notice that 
the reconstruction formulas and commutativity of their Neumann matrices hold for all of 
them. 

Remark 3. The spectral formulas are much more effective than the analytic methods 
from the calculational point of view. In Appendix E, where the equation f/^ = 1 is proved 
using the reconstruction formulas, one can find an example of their potential by comparison 
with the long derivations of section 2. 

8. Conclusion 

Let us conclude this paper by recalling the main results we have obtained. The first is the 
construction of the ghost number 9 vertices, eqs.( |1.6| , |l.S| ). The second important result is 
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the construction of the discrete bases of eigenvectors of G as well as the bi-orthogonality 
and bi-completeness relations ( 4.15| ) and (4.17), and the analysis of the highly nontrivial 
properties of this spectrum. Then we have completed the argument of I, showing that the 
squeezed states appearing in the midterm of ( |1.2D do satisfy the recursion relations of the 
wedge states. The way we have done it is somewhat different from the one envisaged in 
I. The idea behind I was that all the involved Neumann matrices could be simultaneously 
and completely diagonalized. In this paper we have realized that this is not possible. Not 
all the Neumann matrices entering the problem can be completely diagonalized (this will 
be evident in III). Nevertheless it is still possible to carry out the program started in I. We 
have shown that the wedge states recursion relations can be proved for the eigenvalues, and 
that on the basis of this knowledge it is possible to reconstruct ghost number 3 Neumann 
matrices which can be identified with surface states representing the wedge states expected 
as a result of the star product. This is enough to guarantee that the three strings vertex 
we have introduced in section 2 does the job, that is by *-multiplying two squeezed states 
like the ones in the RHS of ( |1.2| ) we obtain in the LHS the wedge state required by the 
recursion relation ( |1 . 1\ ) . What is still missing is how to recover the the ghost number 
wedge states from the so obtained ghost number 3 states. This task, which is simply the 
bpz conjugation in the matter sector, requires a very involved and roundabout treatment 
in the ghost sector and will be dealt with in the next paper. 
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Appendix 

A. Ghost insertions and correlators 

The two-point function for a b — c system can take different forms depending on the way 
we insert the zero modes to soak the background ghost charge at oo, which is necessary in 
order to get a nonvanishing result. A generic way is to define, as in [^, 53], 

^c{z)b{w) -^itM,) = {0\c{z)b{w)c{ti)c{t2)c{t3)\0) 

n 7^ (*i - - m2 - (A.l) 



z — W^^ti — w 

1=1 



Another way of inserting the zero modes is by means of the weight operator Y{t) 



^d'^c{t)dc{t)c{t). We have 



2 



« c{z) h{w) »,= (c(z) b{w) Y{t)) = ^ % (A.2) 

z — w [t — wy 
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In this appendix we would like to study the relation, between the normal ordering in the 
b — c correlator and the ordering term in the matrices of Neumann coefficients of the three 
strings vertex. The radial ordering of the b, c fields can be expressed as follows in terms of 
the natural normal ordering (: :): 

R{c{z)b{w)) = c{z)biw), \z\ > \w\ (A.3) 



,fc<-2 k>-l 



■■c{z)b{w) : +Y, 
n>2 
1 



: c{z) b{w) : +- 



z — w 



The same expression is obtained for \z\ < \w\. 

We can use the above radial ordering in order to get the ordering terms for the Neumann 
coefficients. 

R{c{z)b{w)) = : c{z) b{w) : +— > 



nm ' ' ' 

Z — W Z — W 



Unm = ... — (A.4) 

z — w 



where only the relevant parts are written down. 

Now let us consider a ghost surface state determined by a map g{z) 



= (0|e-^'="*"'"''™ (A.5) 



In order to find the matrix S^^^ we proceed as follows: using (A. 2) we identify (see [40, Q) 
up to constant factors 

(,|c(z)6Hy(t)) = M#^T^ f f^fO ' (A.6) 
^'^^^^ ^" 9'{z) g{z) - g{w) \g{t) - g{w) ) ^ ' 

with Y insertion at the generic point t. The wedge states are generated by the well-known 
functions 



9{z) = gN{z) 



If we set the insert y at i = we get 



2_ 

l + iz\'^ 



1 — iz 



2TTi J 27ri ti;™+2 
'{g'Ni^)? 1 fl-9N{w) 



(5^v(^)) 9n{z) - gN{w) V 1 - 9Niz) J z^{z- w) 



(A.7) 



This is the Neumann matrix for the ghost number wedge states. The others, which 
represent gh = 3 states with a y(ibi)-insertion, are just obtained by setting t = ±1. 
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B. Quadratic expressions involving £, U(±i) and Z 

This appendix is devoted to complete the derivation of the fundamental properties of 
Neumann coefficients started in section 6. 

B.l Quadratic expressions involving £(j) and U(j) 

The product S^j-jlXj^j) can be carried out as in subsection 2.4.1, forgetting the / factors on 
the first matrix. It is easy to sec that it leads to 

f dz 1 f dw 1 r/1 w \ f , ,\ 

+ ^ (B.1) 

1 — zw 



+ 



(l -pi{-z,wfj 



1 — zw z + w J \ ) f{w) 



which differs from ^[(j) only in the zero mode sector. Similarly we can prove that 

£(_i)lt(j) = -£(_j)C +lss + C (B.2) 
Taking the average of these two we obtain 

£% = -£C (B.3) 

In a similar way 

^{±i)'^{i) = -£(±i)C + Iss +CU(j) (B.4) 

and 

£(±i)£(j) = -£(±i)C +lss+C £(i) (B.5) 
Using twist conjugation we finally get 

£1X = 1.. (B.6) 

Let us now consider 'U(j) £(j). 

^ „ r dz 1 f dc f de f dw 1 ce ,^ ^, 

k=-l 



1 W 



1 + ^if; w 



(i-Pi{e,w)) 



(B.8) 
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Here it is more convenient to integrate first with respect to 9. There are two poles at 
= (the poles &i 6 = ±.i can be avoided with a regulator). We get 



{^ = 7} 



{e = w} 



* = 



dz 



+ 



(l-p,(z,C)) ( 

Cw^ f{z) 



dC r dw 1 



c 



( + w 1 — wC 



/(C)Vi + zC c-^ 



) 



(TTi?-?^)('-«(^'<') 



C»-i/(C)^i + < C-z 



/ 27rz z'^+i J 



2m w"^+^ 
■(l-Pi{z,-w)^ + 



^) 



w 



^z + w 1 — zu; 

= (U(j) C — C £(j) + lss)nm 



Similarly 



'U,(_j)£(z) = U(_j) C — C £(j) + Iss 

'U(j)£(i) = U(j) C — C £(j) + 
'Lt(_i)£(z) = U(_j) C - C £(j) + Iss 

from which it is easy to deduce the quadratic relations involving £. 

B.2 Quadratic expressions involving Z 

Let us now compute 



dw 1 



^ r dz 1 r dc r de r 

V C z — w/ fiw) \1 + dw w — f)J\ J 



CO 



C z — wJ f{w) \1 + 9w 
Now we proceed as above and the result is 



1 



{C = z} 



dz 1 



dc_ 

2m 



dw 1 



(B.9) 



(B.IO) 



(B.ll) 
(B.12) 



+ 



2m / 2m J 2m w'^+^ 

{l-p±i{9,w)) 
Oz-" f{9) 



1 w \ 

i-9w w-9) 



Oz^ f{0) ( 

l-z9 f{w)\l + 9w w-9, 

(B.13) 



Vl + 6 



w 



9z-l f{w) \l + 9w w-9 




) 



■(l-p±i{9,w)) 
By twist conjugation Z'li±i = 0. 



-45- 



The calculation of ZE±i is similar but simpler (no / factor) and the conclusion is the same: 
ZE.±i = 0. 

Consider now 'L[(j) Z: 



k=-l 



(i)nk ^km 



dz 1 r dc r de r dw i 

2^1 J 2^iJ2^iJ 2^iw^Ce^ 



(B.14) 



1 



c 



/(C)vi + < C-z 

i 



)(l-p,(z,C))- 



1 



w 6 — w 



Here it is more convenient to integrate first with respect to 9. There are two poles at 
a - 1 



C 



.4, 



{e = w} 



d( f dw 1 



dz 1 

C 



/(C) 



( iTic - c^) - ( - ^ 1^) 



+ < C-^^^* -'v~'^/yv wcn-c 

dz 1 f (^C f dw 1 /(z) 



(B.15) 



27ri J 2m J 2m /(C) 

(r^-A)(i-f.(^.o)(-^(i+»c+»V)) 



This gives 



dz 1 /■ 1 r 1 ^2 

2^1 7 2^^"^+! 
1 C 



-/(£) 

7(C) 



1 + ^c c - ^ 



i-p,(^,C))(-^(i + < + «;'C')) 



C=o 



+ — {1 + wz + w z 



wz 



r dz I r dw I / 
/ 2TTi / 2TTivf^ \ zw 9(z-i) 



1 //(z) Pi(z,w) 1 



wz 



(B.16) 



where 



2„2 



Pi(2, w) = 9 + + Qz'' + 6iz(l - z^) + 3u;z(3 - 3z'' + 2iz) + 9w^z 



(B.17) 



Pi{z,w) is a polynomial of fourth order in z and second order in w. Therefore the U(j)Z 

matrix vanishes except for the first three columns. 

The result for '\i(^i')Z is the same with the substitution Pj — P_j, 



P-i{z, w) = 9 + 30iz - 41z^ - 30zz^ + 9z'^ + w(9z + 30iz^ - 9z^) + 9w;^z^ (B.18) 
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The calculation for £(j) Z is similar but simpler and the conclusion is 
where 

Qi(z, w) = l + 2iz- - 2iz^ + z^ + w{z + 2iz^ - z^) + tn^z^ (B.20) 

Qi{z,w) is a polynomial of fourth order in z and second order in w. The £(j) Z matrix 
vanishes except for the first three columns. By twist conjugation one gets £{-i) Z. 
It is easy to see that = 0. 

In the sequel we will need more explicit expressions for the RHS of ( B.16| ) and ( B.1S| ). 
To this end let us compute U{i)n,i for — l<'i<lina more explicit form 

f dz f dw I f f(z) /I w \ ,^ , 1 



27ri / 2-111 \f{w) V 1 + zw w — zJ ' w z — w 

7 27ri \ (z-i)^ J ^ ^ 

In this calculation only the pole at w = matters, while the pole at w = z has a vanishing 
residue. Similarly 

f dz f dw I I f f(z) /I 'w \ . z"^ 1 



2-111 J 2Tii li; \f(w) Vl + ziL) w — zJ ' w z — w 

dz f{z) d f f 1 w 

2-iTi dif 



( u- /(-u-) (— —) (1 - w)) 

\ \l + zw w — zJ 



w=0 



dz 1 / „ , — 3 — 2zz + Sz^ , ,^ 



Finally 



, dz f dw 1 1 / f(z) /I \ /-, / 1 

^^Wn,i = f T- f T-^— {iH{tT )il-Mz,w)) 

^' ' 2-Ki J Zui z^^^ \j[w)\l + zw w — zJ wz — w 

dz f{z) 



2-Ki 



{wf{-w)(—^ —^{1-Pi{z,w))^ ^ 

\ \ \ + zw w — z/ 



2du'2 



w=0 ^. 



Comparing these expressions with ( |B.16|) and ( |B.17|) it is evident that 

iU(i)Z)n,i = -U(^i)n-i, i-e. = -Un-i (B.24) 

As for 'U(j) , we have 

f dz 1 ( zf(-z) \ 

/ 1 / , ,-9-30iz + ilz^ + 30iz^ -9z'^ l\ 
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Therefore 

{U(i)Z)n,i = -U(i)n-i, i-e. {U(^i)Z)n,i = -Un,- 

On the other hand it is even easier to prove that 

1 w 



(B.28) 



(i)n,-l 



dz 


f dw 1 


2^ j 




dz 


r dw 1 


2^ij 


27ri 



1 + zw w — z 

z 



{1-Pi{z,w)) 



z^ 1 



w z — w 



z\=E, 



(i)n,l 



(B.29) 



Comparing with the RHS of ( B.lSj ) and the expression for Qi{z,w) we can conclude that 

Z)n,l = -1 = --E'(i)n,l = -^(i)n 2')„,o = (B.30) 

i.e. 

{E(i) Z)n,l = {E(^i) Z)n-l = -E^i)n,l = -E^i)n-l, (ii^(j) Z)„_o = (B.31) 

Analogously one can show that 

[E Z)n,l = {E Z)n-l = —En,l = —En,-1, {E Z)nfl = (B.32) 

For future use we record also 



Enfl = 

-£■271,1 = E2n-l = 

^2n+l,l = -B2n+1,-1 = (-l)"(2n + 1) 



(B.33) 



C. The eigenvalues of 

The explicit form of the squeezed states in the midterm of ( |1.2D was derived from the LHS 



of the same equation in I. It required solving the equation we dubbed KP, [49|. The latter 
arises from writing 



where t = and equating this to 



gr,{t) gcta(i)6t ^c'^-y(t)h^b'^5{t)c^cl3{t)b 



The matrix a and the parameter r/, in particular, must satisfy 



a=A+Ca+aD +aBa 



(C.l) 



(C.2) 



(C.3) 



and 



rj = -Tr{B,a) 



(C.4) 
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In I we solved this equation. However, for reasons explained later on, we will proceed here 



in a different way. Instead of solving (C.3) and then diagonalizing the solution, we will 
diagonalize ( p.3| ) and then solve the equation for the eigenvalues. Therefore our first task 
is to find the eigenvalues of the various matrices appearing in ( |C.3| ). In I we showed that 
A,D^ and (D^)'^ — BA are diagonal in the continuous weight 2 basis and computed the 
explicit eigenvalues. The analysis below will confirm this. 

C.l Revisiting I 

This subsection is devoted to re-deriving the solution to the KP equation with respect to 
I. The reason for it is the following. In I we used the following 'commutation rules' for 
lame matrices: 



AD'^ = CA (C.5) 



and 



BC = D'^B (C.6) 



The latter has to be qualified. It is true except for the terms 

(i?C-Z?^B)2,o = -^7r2, {BC-D^B)s,^i = -37T^ (C.7) 



Therefore in the sequel, differently from I, we will not use eq. (lOel) . We win only use (lOll) . 



But, of course, we have to change the strategy with respect to I. Instead of solving (|C.3D 
and then diagonalizing it, we will first diagonalize ( p.3| ) and then solve for its eigenvalues. 
Let us start from eq.( |C.3| ) with the initial condition a(0) = 0. The solution to ( p. 4]) is 
obvious once we know a{t). Let us make the following ansatz for a{t) 

ai{t) = AQi{t) (C.8) 

Using (C^) we get 

AQi = A{l + D^Qi+QiD'^ + QiBAQi) (C.9) 
It is obvious that, if Qi satisfies 

Qi = 1 + D'^Qi + QiD'^ + QiBA Qi (C.IO) 



with Qi(0) = 0, ai will satisfy ( C.3 ). 

Next we wish to solve ( C.IO ) for the continuous eigenvalues of the matrix Qi{t). We 
have recalled above that the matrix is diagonal in the V^'^^n) basis, with eigenvalue 
c{k) and that (D^)"^ — BA is also diagonal. This means that BA itself is diagonal in the 
same basis. Looking at ( p.lOj ) we see that since the solution Q{t) will be a function of 
and BA it will also be diagonal in the same basis. So in ( p.lOD we can replace the matrices 
with their eigenvalues. At this point solving the equation is elementary. 



smli(^/{D^y - BAt 

Qiit) = , . ^ ^ ^ . , -(C.lll 

y/{DTy - BAcosh {^{DTf -BAVj - D^^ smh [^{D^Y-BAt 
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where, for economy of notation, we assume that the matrices represent their continuous 
eigenvalues. Since A is also diagonal on the V^'^\k) basis, we can mutiply this solution by 
its eigenvalue and get 

aiit) = AQ{t) (C.12) 

for the corresponding continuous eigenvalues. Now from the continuous eigenvalues of 
A, BA and we can construct the continuous eigenvalue of ai{t). This has already been 
done in I, and the result, is that reported in eq.(5.3). 

C.2 The discrete eigenvalues 

Coming now to the discrete eigenvalues we would like to be able to write 

V^-^\i)a{t) = it{i)V^-^\i) (C.13) 

or 

a(t)y(2)(0 = tt(0^^'H0, (C.14) 

calculate the explicit expression of t„(^) and justify our final statements tn(±2i) = 1 and 
tn(^ = 0) = —1, eqs.( p.33 ) and ( p.34| ). But if we apply the previous matrices to the 
discrete eigenvectors of G we immediately run into difficulties. If we use the same ansatz 
(C.8) and eq.( |C.10| ) we see that, for instance, has identically vanishing eigenvalues in 
the V^-^\i) basis. This is a consequence of the singular nature of the discrete eigenvalues 
of the j4, 5, C, D matrices, which creates serious problems when we try to compute the 
corresponding discrete eigenvalues of the wedge states by integrating the KP equation. 
These problems will be understood in the next paper, when we will be able to produce 
the reconstruction formula for the ghost number wedge states. For the time being we 
proceed blindly in search of these eigenvalues. 

As a preliminary step let us apply C from the right to the discrete basis V^~^\i) = 
{V[\^\i), Vt^\i), . . .). We get, for i = 0, 

(0) C)n = Ci,n + C.i^n = "^-l.n " ^l,n = (C.15) 

while for ^ = ib2z, 

(y(-l)(±2i) C)n = - ± 2iCo,n = -^-l,n + ^l,n T 2^0,^ 

= lim ( ± - K(-^)(±2z + x) ) (C.16) 

\ X J 

for n > 2. Therefore we can write 

{V^-'\OC)n=liu.(iv!f'\i + x)] (C.17) 

but 

C)j = fv'^-^Xi = 0) (C.18) 
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In summary we have the eigenvalue equation 



(y(-i)(OC)^ = hm^ 



x-^O V X 



N 



i^ + x)], N>-1 



(C.19) 



for ^ = 0, but we have to get along with ( |C.17| , |C38[) for ^ / 0. To give a meaning to ( p.l9D 
we agree that the eigenvalue ^ = will be represented by a small number e, and that the 
latter will be sent to at the end of the calculations. 
Likewise we get 



l,n 







and 



(y(-i)(±2i) A)n = A^,n - A.^^n ± 2iAo,n = lim ( Vy^\±2i + 



Summarizing 



(W-i)(±2i) = lim ^- V}-^\±2i + 



2i 



(y(-^)(o)A), 



n > 2 
n>2 



-1< i < 1 



(C.20) 
(C.21) 

(C.22) 

(C.23) 
(C.24) 



In ( C.23| ) the limits have to be taken in such a way that the result be 0, so, as above, we 

^ f — 1) 

introduce a regulator e to represent the eigenvalue ^ = 0. Notice that lima;_,o Vn {i+x) = 

for n > 2, while lim^j^o V'/"^^!^ + x) = vj;~^\^) and that + x) for n > -1 is 

(2) ('2) 

bi-orthogonal to both Vn (^) and Vn (k) in the limit x — > 0. 

Apart from the eigenvalue equation ( p.l9| ), the above equations ( p.l? . CTT8| ,C.22,C.25, 



C.24D represent 'almost' eigenvalue equations. They will be used to compute the discrete 



eigenvalues of the wedge state Neumann matrices. 

In I we proved, eq.(5.19), that A = — AB is diagonal in the continuous basis V'^~^\k). 
It is easy to prove that it is diagonal also in the discrete basis, using (4.21) of I. For instance 
it is elementary to prove that 



^ K[-i)(0)A„,o = 
l=-l 

Fi-i)(2i)A„,±i = -7rVi7^)(2i 
Y Vt'\2i)Anfl = -^'vt'\2i) 



n=-l 



So we can write 



(C.25) 



n=-l 
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Thanks to these results, we set out to compute the discrete eigenvalues of the wedge state 
Neumann matrices. 

We make a new ansatz for the solution to the KP equation 

Mt) = Q2{t)A (C.26) 

Using (lOSD we get 

Q2A = il + Q2C + CQ2 + Q2ABQ2)A (C.27) 
It is obvious that, if Q2 satisfies 

Q2 = 1 + Q2C + CQ2 + Q2ABQ2 (C.28) 



with (52(0) = 0, a2 will satisfy ( C.3D . Now, let us remember that C and — AB are 



diagonal in the V^~^\^) basis as far as the ^ = e ^ eigenvalue is concerned. Arguing 
as before we can conclude that also AB is diagonal. Proceeding from now on for this 
single eigenvalue, we can replace the matrices in ( p. 28 ) with their discrete eigenvalues. 
The solution to ( p.28| ) is 



smh( VC^ - ABt 

Q2{t) = ^ . ^ X . ^ X (C.29) 

VC2 - AB cosh ( VC^ -ABt] - CsmhiVC^ - ABt] 



where the matrix symbols have to be understood as representing the corresponding discrete 
eigenvalues. Now remember that A is also diagonal in the same basis. Therefore 



sinh [y/C^ - ABt) 

«2(t) = ^ . ^ X ^ . , . A (C.30) 

VC^ - AB cosh f \/C2 - AB t) - C sinh (VC^^^AB tj 

The multiplication by (the eigenvalue of) A requires a specification. In fact applying the 
equation (C.27) from the right to V^~^\ everything is all right as far as the last A factor 



on the right. When applying this to V^^^^ the first three entries on the RHS of ( p.27| ) get 
cut out. 

At this point however we can apply a remark similar to the one made in sec. 2.4. An 
expression like e'^N'^Nmit)b,n j,^ (|l.2| ) manifests an ambiguity when applied to |0). We could 
add any term that is killed by |0). This is the case if we consider : e^U^j^l+'^N'^NmWbL . |q^^ 
for 

• gCl'^'J*i+'=JV°JVm{t)feL . |Q^ _ gc]:^OjVmWfem 

for any 3x3 matrix r. We therefore take advantage of this ambiguity by adding to 02 (t) 
an upper left 3x3 non zero matrix that solves the problem. The latter is constructed as 
follows. Let us denote by it{(,) the discrete eigenvalues of a2{t), then the 3x3 matrix we 
are looking for will be 

a3.3it)=^V^'H0mV^-'\0 (C.31) 
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where V^'^\^) is V^'^\S,) limited to the first three entries. By adding this matrix to 02 (t) 
now we recreate the missing entries in the RHS of ( p.l3| ). Setting 02 (t) = a2{t) + 03x3 (i) 
we can now write 

V^-'^a',{t) = ttiOV^-'^ (C.32) 

We are now in the condition to compute the discrete eigenvalue of a2{t) for ^ = 0. We 
insert the corresponding discrete eigenvalue of A, C, A calculated above. Eq. (|C.3[l|) become 
rather singular and some care has to be used: one must take x — > with ^ = e first. As 
one can see the eigenvalue of A and C explode and the first term in the denominator of 
( C.30| ) becomes irrelevant. Since A and C have the same eigenvalue the result is 



t„(C = 0) = -1 (C.33) 

We notice that this result is not affected by the limit e — > 0. 

As for ^ 7^ 0, try as we may, we cannot repeat the same derivation. The reason for 
these failures will be understood in the next paper, when it will become clear that the 
Neumann matrices for ghost number wedge states are not diagonal in the V^~^\(,) bases 
with ^ 7^ 0. However these eigenvalues are important for the ghost number 3 states. Since 
the continuous eigenvalue formula (^^) evaluated at = ±2^ gives an unambiguous result 
(keep t generic and use standard trigonometric identities): 

tn(±2i) = 1 (C.34) 

it logical to try this. As we have shown in section 5,6 and 7 this turns out to be the correct 
value. 

Finally, let us remark that, inserting these values in ( |C.31| ), we find once again the matrix 



a3x3(n)= 10 (C.35) 




Let us also remark an important feature of the addition of the matrix z. The way we 
implement it is by adjoining it to the matrix A, i.e. A ^ A' = A + z. Looking at eq.( p.27| ) 
we notice that A'B = AB, therefore the matrix z disappears from the equation for Q2. It 
appears only in the last step when we reconstruct the solution 02 = Q2A'. 



D. Other reconstructions 

D.l Reconstruction of Xfr. 

(*) 

In this section, we deal with the reconstruction of the matrices X'i^. = CV}-? and = 

CV^^y The process of reconstructing these matrices runs analogously to the one of recon- 
structing just with some slight differences. The first of them is that, in this case, the 
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discrete spectrum does not contribute, hence we have just to consider the continuous part 
of the spectrum 

^%nm= [ dK f,^{K)V^'\K)Vi-'\K), ^± (k) = - (1 + H^) (D.l) 

J Ci 

where Ci is a straight contour from — oo to +00 with | < < 2. Note that for off- 

diagonal Neumann coefficients there is no need to correct the contour shifting with the 
universal nilpotent Pnm discussed in section 7.1. If we move the upper contour toward the 
real axis we are bound to meet two poles of the measure, one at k = ki = y and another at 
K = kq = 0. So finally we obtain the usual integral along the real axis (which corresponds 
to X^) plus two contributions from the two poles that remain trapped inside the contour. 
The latter are clockwise oriented, so we have to change the sign when calculating the 
residues. We have then 

-If dK/i±(^)v;(2)(^)K(-i)(/.) (D.2) 

This gives us finally 



^%nm = - ^VPmk'\^) + |(1 ± ^V-^)V}?^ (I) Vi'^) (I) (D.3) 



Now, let us see some examples: 



, 2 2i 2, ' 



and 



3^ 3 3^ ^^'"^ 3^3 
, 64 32, /-^ 32 , 

. 10112 320 , 64 , 

X+ , , = + (1 + iV3 = (203 + 45iV3 

W3'3 19683 2187^ ' 19683^ ^ 



16 8 8 

^(7)2,0 = ^ - + 9^(^ + V3) = -(-1 + 3i^/3) 

+ ^/3) 



^(i)2,-l = 


2 

3^3 


2i 2,. 

T + s^' 


^(i)3,0 = 


64 


27^ 


81\/3 


^(i)3,3 = 


10112 
19683 


0+ 

2187 



3^/3 
32 

^ + ^) = -^(9i + llV3) 

(1 - iVs) = (203 - 45i\/3) 

^ ^ 19683^ ^ 



These results agree perfectly with the ones computed directly using ( |l.6D (multiplied by C 
to give the corresponding X's). 
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D.2 Reconstruction of Xf^ 

In order to reconstruct Xf = CV}"^-^ and X7 = CV?^ s^, it is clear that we should use a 
different prescription than the one used above. This prescription can be inferred from the 
fact that = C-^(~-)C and -'^(Ij) = ^^(^i)^- We should use then 

^t-i)nm= I dn^,^{K)V,P{K)Vi-^\n), {n) = -{I + e^'^)^l{K) (D.4) 

where C2 is a straight contour from — cxd to +cxd with —2 < < — y. If we move the 

lower contour toward the real axis we are bound to meet two poles of the measure, one at 
K = Ki = — y and another at k = kq = 0. So finally we obtain the usual integral along 
the real axis (which corresponds to X^) plus two contributions from the two poles that 
remain trapped inside the contour. The latter are anticlockwise oriented this time, so we 
do not have to change the sign when calculating the residues. We then have 

+ lf dK/i^(^)V;(2)(^)vl-i)(«) (D.5) 

^ Jko=0 

This gives us finally 

^(%™ = + jV^'H0)Vi-'H0) - |(1 T ^^/3)T/(2) (-|) Vi'^^ (-|) (D.6) 

Let us check some components: 

16 8 8 



and 



l->^'-' 3V5 3 3>^"" 3V3 

, 10112 320 , 64 , 

X+ , = + + 1 - iV3 = (203 - 45iV3 

{~t)3,3 19683 2187^ ^ 19683^ ^ 



16 8 8 

^M)2,o = ^ + - -(1 + iV3) = --(1 + 3.^3) 

2 2i 2, 



3x/3 3 ^3^ ^ 3^/3 

10112 320 , 64 , 

Xr „ = + + 1 + iV3 = (203 + 45iV3 

(-*)3,3 ;L9g83 2187^ ^ 19683^ ^ 



These results perfectly agree with the ones computed directly using ( |l.7D (multiplied by C 
to get the corresponding X's). 
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D.3 Reconstruction of T; .{ 

Analogously to the reconstruction of we must choose a contour to compute the 

contribution of the continuous spectrum. In this case, we should choose a contour ^ 
which stretches from — oo to oo with just below —j^- When we move the contour up 
toward the real axis, we get two contributions coming from the poles at kq = (actually, 
half of it) and ki = — ^, that is 



(N) 



{—i)nm 



C 



N 
OO 



dK fl{N,K)Vjl'^\K)Vi-^\K) + I dK Ii{N,k)VP{k)V^^\k 



'j J Kl 

+ \i dK l,{N,K)VP{K)Vi-^\K)+iPn 



(D.7) 



where ^i{N, k) was defined in (^). The first term is just Tnm , and computing the residues 
we get 



' {—i)nm 

Here are some examples for = 4 



7.(4) 

^(-i)2,-l 


= + 1 + ^ = 


3i 
~2 


7^(4) 
^(-i)3,l 


11 1 

= 16+°+2 


19 
~ 16 


7^(4) 


5 5 
= 16+°-4 


15 

~ ~16 


t(4) 
(-*)5,4 


= + 0-^ 
16 


5i 

~ ~16 



This agrees precisely with the components of the dual wedge state with Neumann coeffi- 



cients (one should multiply it by C, since = ^'^{-i) 



dz f dw 1 1 



f'Ni'^) fN{z) - fN{w) z-w_ 



From ( D.8 ) we see that = CTf.-^ C, as expected 



E. A simple proof of Uii^U^^i) = 1 

Prom the argument of the path shifting it is obvious that the twisted matrices of the vertices 
will commute between themselves. But it is instructive to see this directly using our usual 
= 1 argument. 
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Let us start by tracing back the U matrices. The relevant Neumann coefficients are defined 

by 



Vr{z,w) : 



(E.l) 



dfiiw)r,iz)-fiiw) \r,iz) 



w 



4i 



L 



f(2) 



Qk>I 2sinh^ 



ry^{z)fi'\w), Only in the bulk 



(E.2) 



where ^3 = ^■ 

From now on, for simplicity, wc focus on the bulk. This allows to discard the k = 
contribution and concentrate on the rest. The vertex is not twist invariant but still it is 
cyclic, so we can write (only bulk) 



(E.3) 



From the explicit reconstruction formula presented in the main text, we can see that (in 
the bulk) the only difference wrt the average vertex is in the matrix U(j^^ (the bulk-residual 
contribution is proportional to a^"^). So, using a subscript "0" for principal parts, we have 
(we inaugurate a 'bra-kef notation 





= c 


^« 


= Uo 




= Uo 



4i, 



^^){^^\=CUC-p. 



(E.4) 



It is easy to see that the commutation of twisted bulk matrices (CV^-^) will work iff 

eU(i)CU(i) - CtJiifU^i) = {CUCU - CUCU) - (CUCp - C/3CU) = 0. 

Since we know that = C7^ = 1, we only have to prove that CUCP — Cf3CU. We can 
actually do better: we can prove that 

CUCI3 = CPCU = 0, (E.5) 

which means 

CC/|6) = 0, (6|CC/ = (E.6) 

It takes a line to compute this quantities using reconstruction formulas. We have indeed 



CU 



dn 



jl 2sinh 



— u{k)\k){k\ 



(E.7) 
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The CU eigenvalue can be computed from the known eigenvalues of X*"* and it turns out 
to be 

u{k) = x'\k) + ax^^{K) + ax''\K) = 2 ( cosh^^^^^^ - 1^ ^^^^ (E.8) 

\ 2 y sinh^^ 

Here we come to the point: u eigenvalues are vanishing at «; = y, while they are divergent 

uiCs) = 0, u{-^3) = 00. 

So, in the k-UHP, there are no poles and the delta functions will work without producing 
any divergence 

CU\^3) = = 0, {^3\CU = n(6)(?3| = (E.9) 
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